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1. Introduction 

The theory of Rosenthal compacta, namely of compact subsets of the first Baire 
class on a Polish space X, was initiated with the pioneering work of H. P. Rosenthal 
[Ro2] . Significant contribution of many researchers coming from divergent areas 
has revealed the deep structural properties of this class. Our aim is to study 
some aspects of separable Rosenthal compacta, as well as, to present some of their 
applications. 

The present work consists of three parts. In the first one we determine the 
prototypes of separable Rosenthal compacta and we provide a classification theo- 
rem. The second part concerns an extension of a theorem of S. Todorcevic included 
in his profound study of Rosenthal compacta |Tolj . The last one is devoted to 
applications. 

Our results, concerning the first part, are mainly included in Theorems [2] and 
[3] below. Roughly speaking, we assert that there exist seven separable Rosenthal 
compacta such that every K, in the same class contains one of them in a very 
canonical way. We start with the following. 

Definition 1. (a) Let I he a countable set and X,Y be Polish spaces. Let 
and {gi}iei be two pointwise bounded families of real-valued functions on X and Y 
respectively, indexed by the set L. We say that {fi}iei o,nd {gi}iei are equivalent 
if the natural map fi > is extended to a topological homeomorphism between 
{fi}'iei (iridj^^^j. 

(b) Let X be a Polish space and {ft}t£2<" be relatively compact in Bi{X). We say 
that {/t}tg2<N minimal if for every dyadic subtree S — (sf)fg2<" of the Cantor 
tree 2"^^ , the families {ft}te2<'' '^'^'^ {/st}te2<'' '^''^ equivalent. 

Related to the above notions, the following is proved. 

Theorem 2. (a) Up to equivalence, there are exactly seven minimal families. 
(b) For every family {/t}tg2<'' relatively compact in Bi{X), with X Polish, there ex- 
ists a regular dyadic subtree S — {st)te2<'* of 2"^^^ such that {fst}te2<^'> equivalent 
to one of the seven minimal families. 

For any of the seven minimal families the corresponding pointwise closure is a 
separable Rosenthal compact containing the family as a discrete set. We denote 
them as follows 

A(2<'^), 2^N, ^+(2^*), S^{2^), i(2^), £)(2N), and D{S{2'')) . 

The precise description of the families and the corresponding compacta is given in 
§4.3. The first two in the above list are metrizable spaces. The next two are hered- 
itarily separable, non-metrizable and mutually homeomorphic (thus, the above de- 
fined notion of equivalence of families is stronger than saying that the corresponding 
closures are homeomorphic). The space 5*+ (2^), and so the space 5- (2^) as well, 
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can be realized as a closed subspace of the split interval S{I). Following [E], we 
shall denote by yl(2^) the one point compactification of the Cantor set 2^. The 
space A(2^) is the standard separable extension of j4(2^) (see |Po2) . [Ma]). This 
is the only not first countable space from the above list. The space D{2^) is the 
separable extension of the Alexandroff duplicate of the Cantor set £'(2^), as it was 
described in |Tol| . Finally, the space l)(S'(2^)) can be realized as a closed sub- 
space of the Helly space. Its accumulation points is the closure of the standard 
uncountable discrete subset of the Helly space. 

Theorem [2] is essentially a success of the infinite-dimensional Ramsey Theory for 
trees and perfect sets. There is a long history on the interaction between Ramsey 
Theory and Rosenthal compacta, which can be traced back to the classical J. Fara- 
hat's proof "W of H. P. Rosenthal's £i Theorem pRoT and its tree extension due 
to J. Stern [Ste| . This interaction was further expanded by S. Todorcevic in [Tol| 
with the use of the parameterized Ramsey Theory for perfect sets. 

The new Ramsey theoretic ingredient in the proof of Theorem [2] is a result 
concerning partitions of two classes of antichains of the Cantor tree, which we call 
increasing and decreasing. We will briefly comment on the proof of Theorem O 
and the critical role of this result. One starts with a family {/t}tg2<" relatively 
compact in Bi{X). A first topological reduction shows that in order to understand 
the closure of {ft}te2<"' in it is enough to determine all subsets of the Cantor 
tree for which the corresponding subsequence of {ft}te2<'* is pointwise convergent. 
A second reduction shows that it is enough to determine only a cofinal subset of 
convergent subsequences. One is then led to analyze which classes of subsets of the 
Cantor tree are Ramsey and cofinal. First, we observe that every infinite subset 
of 2^^ either contains an infinite chain, or an infinite antichain. It is well-known, 
and goes back to Stern, that chains are Ramsey. On the other hand, the set of 
all antichains is not. However, the classes of increasing and decreasing antichains 
are Ramsey and, moreover, they are cofinal in the set of all antichains. Using the 
above properties of chains and of increasing and decreasing antichains we are able to 
have a satisfactory control over the convergent subsequences of {ft}t£2<^- Finally, 
repeated applications of F. Calvin's theorem on partitions of doubletons of perfect 
sets of reals permit us to fully canonicalizc the topological behavior of {ft}t£2<^ 
yielding the proof of Theorem [2l 

A direct consequence of Theorem EJb) is that for every separable Rosenthal 
compact and for every countable dense subset {/t}fg2<" of it, there exists a regular 
dyadic subtree S = (st)tg2<N such that the pointwise closure of {fst}te2<^' is home- 
omorphic to one of the above described compacta. In general, for a given countable 
dense subset of a separable Rosenthal compact /C, we say that one of the 

minimal families canonically embeds into IC with respect to {fn}n if there exists 
an increasing injection cj) : 2^^* — > N such that the family {frf,{t)}te2<^'> is equivalent 
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to it. The next theorem is a supplement of Theorem [21 showing that the minimal 
families can be chosen to characterize certain topological properties of K.. 

Theorem 3. Let K, he a separable Rosenthal compact and {/„}« a countable dense 
subset of fC. 

(a) IfJC consists of bounded functions in Bi{X), is metrizable and non-separable 
in the supremum norm, then canonically embeds into K. with respect to 
{fn}n such that its image is norm non-separable. 

(b) If IC is non- metrizable and hereditarily separable, then either S'-|_(2^), or 
5- (2^) canonically embeds into K. with respect to {/«}«. 

(c) If IC is not hereditarily separable and first countable, then either D{2^), or 
D(S'(2'*')) canonically embeds into K. with respect to {fn}n- 

(d) IfIC is not first countable, then A{2^) canonically embeds into JC with respect 
to {/„}„. 

In particular, if IC is non- metrizable, then one of the non-metrizable prototypes 
canonically embeds into IC with respect to any dense subset of IC. 

Part (a) is an extension of the classical Ch. Stegall's result [StJ, which led to 
the characterization of the Radon-Nikodym property in dual Banach spaces. We 
mention that Todorcevic |Tolj has shown that in case (b) above the split interval 
S{I) embeds into IC. It is an immediate consequence of the above theorem that 
every not hereditarily separable K. contains an uncountable discrete subspace of the 
size of the continuum, a result due to R. Pol |Pol| . The proofs of parts (a), (b) 
and (c) use variants of Stegall's fundamental construction, similar in spirit as in the 
work of G. Godefroy and M. Talagrand [GTj . Part (d) is a consequence of a more 
general structural result concerning non-Gs points which we are about to describe. 
To this end, we start with the following. 

Definition 4. Let IC be a separable Rosenthal compact on a Polish space X and 
C a closed subspace of IC. We say that C is an analytic subspace if there exist a 
countable dense .subset {fn}n of IC and an analytic subset A of [N] such that the 
following are satisfied. 

(1) For every L E A the accumulation points of the set {fn ■ n £ L} in R'^ is 
a .subset of C. 

(2) For every g (z C which is an accumulation point of IC there exists L £ A 

with g € {fnfneL- 

Observe that every separable Rosenthal compact IC is an analytic subspace of 
itself with respect to any countable dense set. Let us point out that while the class 
of analytic subspaces is strictly wider than the class of separable ones, it shares all 
the structural properties of the separable Rosenthal compacta. This will become 
clear in the sequel. 
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A natural question raised by the above definition is whether the concept of an 
analytic subspace depends on the choice of the countable dense subset of JC. We 
believe that it is independent. This is supported by the fact that it is indeed the case 
for analytic subspaces of separable Rosenthal compacta in Bi{X) with X compact 
metrizable. 

To state our results concerning analytic subspaces, we also need the following. 

Definition 5. Let K, he a separable Rosenthal compact, {/„}„ a countable dense 
subset of JC and C a closed subspace of IC. We say that one of the prototypes ICi 
{I < i < 7) canonically embeds into IC with respect to {fn}n and C, if there exists 
a subfamily {ft\t£2<^* of {fn}n which is equivalent to the canonical dense family of 
ICi and such that all accumulation points of {ft\t<=:2<^" are in C. 

The following theorem describes the structure of not first countable analytic 
subspaces. 

Theorem 6. Let IC be a separable Rosenthal compact, C an analytic subspace of JC 
and {/„}„ a countable dense subset of IC witnessing the analyticity ofC. Let also 
f E C be a non-Gs point of C. Then A{2^) canonically embeds into K, with respect 
to {fn}n and C and such that f is the unique non-Gs point of its image. 

Theorem [S] is the last step of a series of results initiated by a fruitful problem 
concerning the character of points in separable Rosenthal compacta, posed by R. 
Pol |Pol] . The first decisive step towards the solution of this problem was made by 
A. Krawczyk [Krj . He proved that a point / € /C is non-Gs if and only if the set 

£fj = {L £ [N] : {fn)n£L is pointwise convergent to /} 

is co-analytic non-Borel. His analysis revealed a fundamental construction, which 
we call Krawczyk tree (K-tiee) with respect to the given point / and any countable 
dense subset f — {/„}„ of IC. He actually showed that there exists a subfamily 
{/t}t6N<N of {fn}n such that the following are fulfilled. 
(PI) For every aeN^\fi {f:^l_ 

(P2) If A C N<'^ is such that / ^ {ftfteA^ t^en for n G N there exist to, ...,tk G 
N" such that A is almost included in the set of the successors of the t^'s. 
Using K-trees, the second named author has shown that the set 

Cf = {L e [N] : {fn)nGL IS poiutwisc convergent} 

is complete co-analytic if there exists a non-G^ point f G IC ( [Do] ) . Let also point 
out that the deep effective version of G. Debs' theorem [De| yields that for any 
separable Rosenthal compact the set Cf contains a Borel cofinal subset. 

There are strong evidences, as Debs' theorem mentioned above, that separable 
Rosenthal compacta are definable objects, hence, they are naturally connected to 
descriptive set theory (see also [ADKl] . [B] , [Do] ) . One of the first results illustrat- 
ing this connection was proved in the late 70's by G. Godefroy [Go| . asserting that 
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a separable compact JC is Rosenthal if and only if C(/C) is an analytic subset of MP 
for every countable dense subset D of K.. Related to this, R. Pol has conjectured 
that a separable Rosenthal compact K, embeds into Bi{2^*) if and only if C(/C) is a 
Borel subset of (see [Maj and [Po2| ) . It is worth mentioning that for a separable 
K, in Si (2^), for every countable dense subset {fn\n of /C and every f & JC, there 
exists a Borel cofinal subset of the corresponding set Cfj, a property not shared 
by all separable Rosenthal compacta. 

The final step to the solution of Pol's problem was made by S. Todorcevic |Tol) . 
He proved that if / is a non-Ga point of JC, then the space A(2'*') is homeomorphic 
to a closed subset of JC with / as the unique limit point. His remarkable proof 
involves metamathematical arguments like forcing method and absoluteness. 

Let us proceed to a discussion on the proof of Theorem [51 The first decisive step 
is the following theorem, concerning the existence of K-ivees. 

Theorem 7. Let JC, C, {fn}n o-nd f ^ C be as in Theorem\^ Tfien tfiere exists 
a K-tree {ft}teri<'' with, respect to the point f and the dense sequence {/„}« such 
that for every a £ all accumulation points of the set {fa\n ■ n G N} are in C. 

The proof of the above result is a rather direct extension of the results of A. 
Krawczyk from Kr] and is based on the key property of bi-sequentiality, established 
for separable Rosenthal compacta by R. Pol |Po3| . We will briefly comment on some 
further properties of the K-tiee {/t}tgN<N obtained by Theorem [71 To this end, 
let us call an antichain {tn}n of N^^ a fan if there exist s £ N*^^ and a strictly 
increasing sequence {mn)n in N such that s""mn ^ tn for every n G N. Let us also 
say that an antichain {tn}n converges to cr G if for every /c G N the set is 
almost contained in the set of the successors of (t\J:. Property (P2) of K-tiees implies 
that for every fan {t„}„ of N^^ the sequence {ft„)n must be pointwise convergent 
to /. This fact combined with the bi-sequentiality of separable Rosenthal compacta 
yields the following. 

(P3) For every a G there exists an antichain {i„}n of N^^ which converges 
to a and such that the sequence {ft„)n is pointwise convergent to /. 

In the second crucial step, we use the infinite dimensional extension of Hindman's 
theorem, due to K. Milliken [Mill] . to pass to an infinitely splitting subtree T of 
N*^^ such that for every a G [T] the corresponding antichain {t„}„, described in 
property (P3), is found in a canonical way. We should point out that, although 
Milliken's theorem is a result concerning partitions of block sequences, it can be also 
considered as a partition theorem for a certain class of infinitely splitting subtrees 
of N*^^. This fact was first realized by W. Henson, in his alternative proof of Stern's 
theorem (see 'Od'), and it is used in the proof of Theorem [6l in a similar spirit. The 
proof of Theorem [6l is completed by choosing an appropriate dyadic subtree S ofT 
and applying the canonicalization method (Theorem[2]) to the family {fs}s<£S- 
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The following consequence of Theorem |6] describes the universal property of 
^(2^^) among all fundamental prototypes. 

Corollary 8. Let JC be a non-metrizable separable Rosenthal compact and D = 
{fn}n o, countable dense subset of IC. Then the space ^(2^) canonically embeds 
into K. — IC with respect to D — D and with the constant function as the unique 
non-Gs point. 

We notice that the above corollary remains valid within the class of analytic 
subspaces. 

The embedding of ^(2*^) in an analytic subspace C of a separable Rosenthal 
compact K. yields unconditional families of elements of C as follows. 

Theorem 9. Let K, be a separable Rosenthal compact on a Polish space X consisting 
of hounded functions. Let also C be an analytic subspace of IC having the constant 
function as a non-Gs point. Then there exists a family {f^ : a G 2^} in C which is 
1 -unconditional in the supremum norm, pointwise discrete and having as unique 
accumulation point. 

The proof of Theorem [9] follows by Theorem [6] and the "perfect unconditionality 
theorem" form [ADK2| . 

A second application concerns representable Banach spaces, a class introduced 
in [GTj and closely related to separable Rosenthal compacta. 

Theorem 10. Let X be a non-separable representable Banach space. Then X* 
contains an unconditional family of size \X*\. 

We also introduce the concept of spreading and level unconditional tree bases. 
This notion is implicitly contained in [ADK2j where their existence was established 
in every separable Banach space not containing £i and with non-separable dual. 
We present some extensions of this result in the framework of separable Rosenthal 
compacta. 

We proceed to discuss how this work is organized. In §2, we set up our notations 
concerning trees and we present the Ramsey theoretic preliminaries needed in the 
rest of the paper. In the next section we define and study the classes of increasing 
and decreasing antichains. The main result in §3 is Theorem 1101 which establishes 
the Ramsey properties of these classes. Section 4 is exclusively devoted to the proof 
of Theorem [21 It consists of four subsections. In the first one, we prove a theorem 
(Theorem [in] in the main text) which is the first step towards the proof of Theorem 
[21 Theorem 1161 is a consequence of the Ramsey and structural properties of chains 
and of increasing and decreasing antichains. In §4.2, we introduce the notion of 
equivalence of families of functions and we provide a criterion for establishing it. 
As we have already mentioned, in §4.3 we describe the seven minimal families. The 
proof of Theorem [21 is completed in §4.4. 
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In §5.1, we introduce the class of analytic subspaces of separable Rosenthal 
compacta and we present some of their properties, while in §5.2 we study separable 
Rosenthal compacta in i3i(2^). In §6, we present parts (a), (b) and (c) of Theorem 
|3l Actually, Theorem [3] is proved for the wider class of analytic subspaces and 
within the context of Definition O The precise statement is as follows. 

Theorem 11. Let fC be a separable Rosenthal compact, C an analytic subspace of 
K. and {/„},! a countable dense subset of K, witnessing the analyticity ofC. 

(a) // C is metrizable in the pointwise topology, consists of bounded functions 
and it is non-separable in the supremum norm of Bi{X), then 2'^^ canon- 
ically embeds into K, with respect to {/„}« o-nd C, such that its image is 
norm non-separable. 

(b) If C is hereditarily separable and non- metrizable, then either 5+(2^), or 
S'_(2^) canonically embeds into K. with respect to {fn}n and C. 

(c) If C is not hereditarily separable and first countable, then either Z)(2^), or 
Z)(S'(2^)) canonically embeds into K, with respect to {/«}„ and C. 

Section 7 is devoted to the study of not first countable analytic subspaces. In 
§7.1 we prove Theorem [71 while §7.2 is devoted to the proof of Theorem [6l The 
final section is devoted to applications and in particular to the proofs of Theorem 
Hand Theorem [ini 

We thank Stevo Todorcevic for his valuable remarks and comments. 

2. Ramsey properties of perfect sets and of subtrees of the Cantor 

TREE 

The aim of this section is to present the Ramsey theoretic preliminaries needed 
in the rest of the paper, as well as, to set up our notation concerning trees. 

Ramsey Theory for trees was initiated with the fundamental Halpern-Lauchli 
Partition Theorem [HLj . The original proof was using metamathematical argu- 
ments. The proof avoiding metamathematics was given in [AFK . Partition theo- 
rems related to the ones presented in this section can be found in the work of K. 
Milliken pil2] . A. Blass [H] and A. Louveau, S. Shelah and B. Velickovic [LSV] . 

2.1. Notations. We let N = {0, 1, 2, ...}. By [N] we denote the set of all infinite 
subsets of N, while for every L G [N] by [L] we denote the set of all infinite subsets 
of L. If fc > 1 and i G [N], then [L]^ stands for the set of all finite subsets of L of 
cardinality fc. 

A. By 2^'*' we denote the set of all finite sequences of O's and I's (the empty 
sequence is included). We view 2^^ as a tree equipped with the (strict) partial 
order C of extension. If t G 2^*^, then the length \t\ of t is defined to be the 
cardinality of the set {s : s □ t}. If s,t G 2^'^, then by s"^t we denote their 
concatenation. Two nodes s,t are said to be comparable if either s ^ t oi t \— s; 
otherwise are said to be incomparable. A subset of 2^^ consisting of pairwise 
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comparable nodes is said to be a chain while a subset of 2^ consisting of pairwise 
incomparable nodes is said to be an antichain. For every x 2^ and every n > 1 
we set x\n = {x{0), ...,x{n-l)) e 2<^ while x\0 = (0). For x,y e {2<^U2^) with 
X ^ y we denote hy x A y the C-maximal node t of 2^^ with t Q x and t Q y. 
Moreover, we write a; -< y if w^O C x and C y, where w = xAy. The ordering 
-< restricted on 2^ is the usual lexicographical ordering of the Cantor set. 

B. We view every subset of 2<^ as a subtree with the induced partial ordering. A 
subtree T of 2<^ is said to be pruned if for every t E T there exists s £ T with 
t \Z s. It is said to be downwards closed if for every t € T and every s n t we 
have that s € T. For a subtree T of 2<^ (not necessarily downwards closed) we set 
f = {s : 3t eT with s C t}. If T is downwards closed, then the body [T] of T is 
the set {x e 2^^ : x\n e T Vn}. 

C. Let T be a (not necessarily downwards closed) subtree of 2<^. For every t S T 
by \t\T we denote the cardinality of the set {s G T : s \Z t} and for every n g N 
we set T{n) = {t e T : \t\T = n}. Moreover, for every ti,t2 e T hy h At ^2 
we denote the iz-maximal node w of T such that w \Z ti and w \Z t2. Notice 
that ti At ^2 C ii A t2- Given two subtrees S and T of 2<^, we say that 5 is a 
regular subtree of T if 5* C T and for every n € N there exists m € N such that 
S{n) C T{m). For a regular subtree T of 2<^, the /e?;eZ set Lt of T is the set 
{In : r(n) C 2'"} C N. Notice that for every x G [T] and every m g N we have 
that x\m G r if and only if m G Lt- Hence, the chains of T are naturally identified 
with the product [T] x [Lt]. A pruned subtree T of 2<^ is said to be skew if for 
every n G N there exists at most one splitting node of T in T(n) with exactly 
two immediate successors in T; it is said to be dyadic if every t € T has exactly 
two immediate successors in T. We observe that a subtree T of the Cantor tree 
is regular dyadic if there exists a (necessarily unique) bijection iT ■ 2^^ T such 
that the following are satisfied. 

(1) For aU ti,t2 G 2<^ we have = \t2\ if and only if \iT{ti)\T = \iT{t2)\T- 

(2) For all ti,t2 G 2^'*' we have ti IZ t2 (respectively ti -< t2) if and only if 
«t(^i) C iT{t2) (respectively iT{ti) -< «T(i2))- 

When we write T = {st)te2<fi, where T is a regular dyadic subtree of 2^**^, we mean 
that st — iT{t) for all t G 2<^. Finally we notice the following. If T is a regular 
dyadic subtree of 2<^ and i? is a regular dyadic subtree of T, then i? is a regular 
dyadic subtree of 2^*^ too. 

2.2. Partitions of trees. We begin by recalling the following notion from f Kaj . 

Definition 1. Let T be a skew subtree of 2<^. We define /t : N ^ {l,2}<f* 
as follows. For every n G N, let T{n) =^ {sq -< ■■■ ~< Sm-i} be the ^-increasing 
enumeration of T{n). We set fT{n) — (eo, Cm-i) G {lj2}"\ where for every 
i G {0, m — 1}, Ci is the cardinality of the set of the immediate successors of Si 
in T . The function fT will be called the code of the tree T. If f : N ^ {1, 2}^*^ is 
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a function such that there exists a skew tree T with f = fx, then f will be called a 
skew tree code. 

For instance, if /t(«-) = (1) for all n G N, then the tree T is a chain. Also, 
if /t(0) = (2) and frin) — (1, 1) for all n > 1, then T consists of two chains. 
Moreover, observe that if T and S are two skew subtrees of with fr = fs, then 
T and S are isomorphic with respect to both -< and IZ . If / is a skew tree code and 
T is a regular dyadic subtree of 2<^, then by [T]f we denote the set of all regular 
skew subtrees of T of code /. It is easy to see that the set [T]f is a Polish subspace 
of 2^ . Also observe that if i? is a regular dyadic tree of T, then [R]f — [T]f n 2^. 
We will need the following theorem, which is a consequence of Theorem 46 in |Kaj . 

Theorem 2. Let T be a regular dyadic subtree o/2^^, / a skew tree code and A be 
an analytic subset of [T]f. Then there exists a regular dyadic subtree R of T such 
that either [R]f C A, or[R]fnA^0. 

For a regular dyadic subtree T of 2^'*', denote by [r]chaiiis the set of all infinite 
chains of T. Theorem [2] includes the following result due to J. Stern [Ste| . A.W. 
Miller, S. Todorcevic [Ml] and J. PawUkowski [PaJ. 

Theorem 3. Let T be a regular dyadic subtree of 2"^^ and A be an analytic subset 
of [rjchains- Then there exists a regular dyadic subtree R of T such that either 

[i?] chains C A, or [ii] chains 0^=0. 

Theorem [5] will essentially be applied to the following classes of skew subtrees. 

Definition 4. Let T be a regular dyadic subtree o/2^^. A subtree S of T will be 
called increasing (respectively decreasing) if the following are satisfied. 

(a) S is uniquely rooted, regular, skew and pruned. 

(b) For every n G N, there exists a splitting node of S in S{n), which is the ^- 
maximum (respectively -< -minimum) node of S{n) and it has two immediate 
successors in S. 

The class of increasing (respectively decreasing) subtrees of T will be denoted by 
[r]i„cr (respectively [r]Dccr/ 

It is easy to see that every increasing (respectively decreasing) subtree is of fixed 
code. Thus Theorem [5] can be applied to give the following. 

Corollary 5. Let T be a regular dyadic subtree of 2"^^ and A be an analytic subset of 
[rjincr- Then there exists a regular dyadic subtree RofT such that either [i?]incr ^ 
A, or [i?]incr r\ A = 0. Similarly for the case of [Tjoocr- 

The above corollary may be considered as a parameterized version of the Louveau- 
Shelah-Velickovic theorem [LSV] . 
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2.3. Partitions of perfect sets. For every subset X of 2^, by [X]'^ we denote the 
set of all doubletons of X. We identify [X]'^ with the set of all (cr, r) e X^ with 
a ^ T. We will need the following partition theorem due to F. Galvin (see [Kej . 
Theorem 19.7). 

Theorem 6. Let P be a perfect subset o/2^. If A is a subset of [P]^ with the Baire 
property, then there exists a perfect subset Q of P such that either [Q]^ C A, or 

[QfnA^0. 

3. Increasing and decreasing antichains of a regular dyadic tree 

In this section we define the increasing and decreasing antichains and we establish 
their fundamental Ramsey properties. 

As we have already seen in §2 the class of infinite chains of the Cantor tree is 
Ramsey. On the other hand an analogue of Theorem [3] for infinite antichains is not 
valid. For instance, color an antichain of 2^^^ red if t^ <ti\ otherwise color it 
blue. It is easy to see that this is an open partition, yet there is no dyadic subtree 
of 2^^ all of whose antichains are monochromatic. So, it is necessary, in order 
to have a Ramsey result for antichains, to restrict our attention to those which 
are monotone with respect to -<. Still, however, this is not enough. To see this, 
consider the set of all ^-increasing antichains and color such an antichain red 
if 1^0 1 < 1^1 At2|; otherwise color it blue. Again we see that this is an open partition 
which is not Ramsey. 

The following definition incorporates all the restrictions indicated by the above 
discussion and which are, as we shall see, essentially the only obstacles to a Ramsey 
result for antichains. 

Definition 7. Let T be a regular dyadic subtree of the Cantor tree 2^^. An infinite 
antichain {tn)n ofT will be called increasing if the following conditions are satisfied. 

(1) For alln,m G N with n < m, \tn\T < \tm\T- 

(2) For all n,m,l € N with n < m < I, \tn\T < \tm At ^/It- 
(31) For all n, m G N with n < m, tn ^ tm- 

The set of all increasing antichains of T will be denoted by Incr(r). Similarly, 
an infinite antichain (t„)„ of T will be called decreasing if (1) and (2) above are 
satisfied and ( 31) is replaced by the following. 

(3D) For all rt, m G N with n < m, t„i -< tn. 

The set of all decreasing antichains of T will be denoted by Decr(T). 

The classes of increasing and decreasing antichains of T have the following crucial 
stability properties. 

Lemma 8. Let T be a regular dyadic subtree of 2"^^ . Then the following hold. 
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(1) (Hereditariness) Let {tn)n G Incr(T) and L = {Iq < li < ...} be an infinite 
subset ofN. Then (i;„)n G Iiicr(r). Similarly, if {tn)n G Decr(r), then 
(tij„ GDecr(r). 

(2) (Cofinality) Let {tn)n be an infinite antichain ofT. Then there exists L = 
{^0 < h < ...} G [N] such that either (tz„)„ G Incr(r) or {ti^)„ G Decr(T). 

(3) (Coherence) We have Incr(r) = Iiicr(2<^) fl 2-^ and similarly for the de- 
creasing antichains. 

Proof. (1) It is straightforward. 

(2) The point is that all three properties in the definition of increasing and de- 
creasing antichains are cofinal in the set of all antichains of T. Indeed, let 

be an infinite antichain of T. Clearly there exists N G [N] such that the sequence 
(|^n|T)„gjY strictly increasing. Moreover, by Ramsey's theorem, there exists 
M G \N] such that the sequence (tn)neM is either -<-increasing or ^-decreasing. 
Finally, to see that condition (2) in Definition [7] is cofinal, let 

A= {(n,m,0 G [M]3 : \t,,\T < K At i/lr} 

By Ramsey's Theorem again, there exists L G [M] such that either [L]'^ C yl or 
[L]'^ n A ^ 0. We claim that [L]'^ C A, which clearly completes the proof. Assume 
not, i.e. [L]'^ O A = 0. Let n = mini and L' = L \ {n} G [L]. Let also k = \tn\T- 
Then for every (m, I) G [L']2 we have that |i,„ATi/|T < k. The set {t€T : \t\T < k} 
is finite. Hence, by another application of Ramsey's theorem, there exist s € T with 
\s\t < k and L" G [L'] such that for every {m,l) G [L"]'^ we have that s — tm At U. 
But this is clearly impossible as the tree T is dyadic. 

(3) First we observe the following. As the tree T is regular, for every t,s G T 
we have \t\T < \s\t (respectively \t\T — \s\t) if and only if \t\ < \s\ (respectively 
\t\ = \s\). 

Now, let {tn)n G Incr(r). In order to show that (t„)„ G Incr(2<f*) n 2^ it is 
enough to prove that for every n < m < I we have < \tm Ati\. By the above 
remarks, we have that \tn\ < \tm Arti]. As tm At ti ^tm Ati, we are done. 

Conversely assume that (in)n G Incr(2<^) n2-^. Again it is enough to check that 
condition (2) in Definition [7] is satisfied. So let ti < m < I. There exist Sm,si G T 
with |s,„|t = \si\t = I^uIt, Sm ^ and s; C ti. We claim that s„j — s;. Indeed, if 
not, then |im At;| — \smAsi \ < contradicting the fact that the antichain (i„)„ is 
increasing in 2 It follows that tm At 3 Sm,andso, \sm\T = \tn\T < \tmATti\T, 
as desired. The proof for the decreasing antichains is identical. □ 

A corollary of property (3) of Lemma [8] is the following. 

Corollary 9. Let T be a regular dyadic subtree of 2^^ and R a regular dyadic 
subtree of T . Then Incr(i?) = Incr(T) n 2^ and Decr(i?) = Decr(T) n 2^. 
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We notice that for every regular dyadic subtree T of the Cantor tree 2< the sets 
Incr(T) and Decr(r) are PoUsh subspaces of 2-^. The main result of this section is 
the following. 

Theorem 10. Let T be a regular dyadic subtree of 2^^ and A be an analytic subset 
o/ Incr(T) (respectively o/Decr(T)j. Then there exists a regular dyadic subtree 
R of T such that either Incr(i?) C A, or Incr(i?) n A = (respectively, either 
Decr(i?) C A, or Decr(i?) r\A = 0). 

We notice that, after a first draft of the present paper, S. Todorcevic informed 
us that he is also aware of the above result with a proof based on K. Milliken's 
theorem for strong subtrees ( |To2j ) . 

The proof of Theorem [TU] is based on Corollary [51 The method is to reduce the 
coloring of Incr(r) (respectively of Decr(T)) in TheoremfTUl to a coloring of the class 
[T]incr (respectively [Tjoccr) of increasing (respectively decreasing) regular subtrees 
of T (see Definition 2]) . To this end, we need the following easy fact concerning the 
classes [T]incr and [TjDccr- 

Fact 11. Let T be a regular dyadic subtree o/2^''. // S* G [Tjincr or S E [T]-£,cct, 
then for every n £ N we have |S'(?t.)| = n + 1. 

As we have indicated, the crucial fact in the present setting is that there is a 
canonical correspondence between [Tjincr and Incr(r) (and similarly for the de- 
creasing antichains) which we are about to describe. For every S G [2^'*]incr or 
S G [2<^]Decr and every n G N, let {sq -< ... -< s^} be the -<-increasing enumeration 
of 5'(n). Define $ : [2<'^]incr Incr(2<f*) by 

$(5) = is-+')^. 

It is easy to see that $ is a well-defined continuous map. Respectively, define 
: [2<N]De„ ^ Decr(2<N) by ^'(S') = (si+^)n- Again it is easy to see that ^ is 
well-defined and continuous. 

Lemma 12. Let T be a regular dyadic subtree o/2<'*'. Then $([T]incr) = Incr(r) 
anrf *([r]Dccr) =Decr(T). 

Proof. We shall give the proof only for the case of increasing subtrees. The proof 
of the other case is similar. First, we notice that for every S G [Tjincr we have 
$(5) G Incr(2<N) n 2"^, and so, by Lemma[Hi;3) we get that $([T]i„cr) C Incr(T). 
Conversely, let (i„)„ G Incr(r). 

Claim 1. For every n < m < I we have tn At t„i = tn At ti. 

Proof of the claim. Let n < m < I. By condition (2) in Definition [7l there exists 
s G T with \s\t — \tn\T and such that s Qtm At U. Moreover, observe that tn -< s, 
as tn <tm. It follows that tn At im = tn At s — tn At ti, as claimed. 



14 



S. A. ARGYROS, P. DODOS AND V. KANELLOPOULOS 



For every n £ N, we set c„ — in I\t tn+i- 

Claim 2. For every n < to we have Cn C Cm- That is, the sequence (c„)n is an 
infinite chain ofT. 

Proof of the claim. Let n < m. By Claim 1, we get that c„ and c„i are compatible, 
since c„ = i„ At tm and, by definition, Cm — tm At tm+i- Now notice that \cn\T < 

\tn\T < \tm. At ^m+llT = |Cm|T- 

For every n > 1, let be the unique node of T such that c'„ C c„ and \c'^\t = 
|i„_i|T- We define recursively S G [Tjincr as follows. We set S{0) — {cq} and 
S{1) = {to, c[}. Assume that S{n) = {sq ^ ... ^ sj^} has been defined so as sj'_i 
t„-i and s'j = cjj. For every <i < rt — 1, we chose nodes s""*"^ such that s" IZ s"^^ 
and = KIt- We set S'(n + 1) = {s^'+i ... ^ -< i„ ^ 4+1}. It is 

easy to check that 5* e [Tjincr and that ^{S) — (i„)„. The proof is completed. □ 

We are ready to give the proof of Theorem [TOl 

Proof of Theorem\l(A Let A be an analytic subset of Incr(T). By Lemma [T2| the 
set B = $^^(A)n[T]incr is an analytic subset of [Tjincr- By CoroUaryO there exists 
a regular dyadic subtree RoiT such that cither [i?]incr ^ B or [i?]incr C^B = 0. By 
Lemma [T2l the first case implies that Incr(i?) = <i>([i?]incr) ^ ^{B) C A, while the 
second that Incr(i?) \^A — <i>([i?]incr) r\A = 0. The proof for the case of decreasing 
antichains is similar. □ 

4. CaNONICALIZING sequential compactness of trees OF FUNCTIONS 

The present section consists of four subsections. In the first one, using the 
Ramsey properties of chains and of increasing and decreasing antichains, we prove 
a strengthening of a result of J. Stern |Ste| . In the second one, we introduce 
the notion of equivalence of families of functions and we provide a criterion for 
establishing it. In the third subsection, we define the seven minimal families. The 
last subsection is devoted to the proof of the main result of the section, concerning 
the canonical embedding in any separable Rosenthal compact of one of the minimal 
families. 

4.1. Sequential compactness of trees of functions. We start with the follow- 
ing definition. 

Definition 13. Let L be an infinite subset of 2^^ and a e 2^. We say that L 
converges to a if for every fc G N the set L is almost included in the set {t G 2*-^ : 
a\k □ t}. The element a will be called the limit of the set L. We write L ^ a to 
denote that L converges to a. 

It is clear that the limit of a subset L of 2<^ is unique, if it exists. 
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Fact 14. Let {tn)n be an increasing (respectively decreasing) antichain of 2^^^ . 
Then converges to a, where a is the unique element of 2^ determined by the 

chain (c„)„ with Cn — tn A in+i (see the proof of Lemma\T^}. 

We will also need the following notations. 

Notation 1. For every L C 2^^ infinite and every a G 2^ we write L ^* a ii the 
set L is almost included in the set {t : t ^ a}. Respectively, we write L ^* a ii L 
is almost included in the set {t : t ^ a} U {(j\n : n E N}. The notations a <* L 
and (J <* L have the obvious meaning. We also write L C* cr if for all but finitely 
many t E L we have t \Z <7, while by L ± cr we mean that the set L D {cr\n : n G N} 
is finite. 

The following fact is essentially a consequence of Lemma [8l[2). 

Fact 15. // L is an infinite subset of 2^^ and cr G 2^ are such that L ^ a and 
L ~<* a (respectively a ^* L), then every infinite subset of L contains an increasing 
(respectively decreasing) antichain converging to a. 

The aim of this subsection is to give a proof of the following result. 

Theorem 16. Let X be a Polish space and {/t}tg2<^ be a family relatively com- 
pact in Bi{X). Then there exist a regular dyadic subtree T of 2^*^ and a family 
{g^^g'^ ,g'„ : cr G P}, where P — [T], such that for every a E P the following are 
satisfied. 

(1) The sequence {fcr\n)neLT converges pointwise to g% (recall that Lt stands 
for the level set ofT). 

(2) For every sequence {crn)n in P converging to a such that cr„ -< a for all 
n G N, the sequence (g%^^)n converges pointwise to g^ for any choice of 
£n £ {0, +, — }. // such a sequence (cr„)„ does not exist, then g^ — g^. 

(3) For every sequence {crn)n 'in P converging to a such that a ^ a„ for all 
n G N, the sequence {g^"Jn converges pointwise to g^ for any choice of 
Sn £ {0, +, — }. // such a sequence (cr„)„ does not exist, then g~ = . 

(4) For every infinite subset L of T converging to cr with L -<* a, the sequence 
{ft)t£L converges pointwise to g^ . 

(5) For every infinite subset L of T converging to a with a ■<* L, the sequence 
ift)teL converges pointwise to g~ . 

Moreover, the functions 0,+,— :PxX— >R defined by 

{){a,x) ^ gl{x), +{(7,x) = g+{x), -{a,x) = g-{x) 

are all Borel. 

Before we proceed to the proof of Theorem [TOl we notice the following fact (the 
proof of which is left to the reader). 
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Fact 17. (1) Let Ai = {tn)n md A2 ~ (^n)n &e two increasing (respectively de- 
creasing) antichains of 2'^^ converging to the same cr G 2^. Then there exists an 
increasing (respectively decreasing) antichain (t„)„ o/2^^ converging to a such that 
t2n G Ai and <2ji+i G A2 for every n GN. 

(2) Let (cr,i)„ be a sequence in 2^ converging to a G 2^. For every n G N, let 
Nn = {t^)k be a sequence in 2<^ converging to an. //cr„ -< a (respectively an> a) 
for all n, then there exist an increasing (respectively decreasing) antichain {tm)m 
and L =^ {um '■ rn G N} such that (tm)m converges to cr and i„j G -/V,i,„ for every 
TO G N. 

Proof of Theorem \16l Our hypotheses imply that for every sequence {gn)n belong- 
ing to the closure of {/t}tg2<" in , there exists a subsequence of {gn)n which is 
pointwise convergent. Consider the following subset Hi of [2<^]chains defined by 

III = {c G [2^^]chains : the sequence {ft)tec is pointwise convergent}. 

Then IIi is a co-analytic subset of [2<^]chains (see [Ste| ). Applying Theorem [3] 
and invoking our hypotheses, we get a regular dyadic subtree Ti of 2<^ such that 
[Tijchains ^ III. Now cousidcr the subset 112 of Incr(ri), defined by 

n2 = {{tn)n G Incr(ri) : the sequence {ft„)n is pointwise convergent}. 

Again 112 is co-analytic (this can be checked with similar arguments as in [Stej ). 
Applying Theorem[TOl we get a regular dyadic subtree T2 of Ti such that Incr(T2) C 
112. Finally, applying Theorem [TO] for the decreasing antichains of T2 and the color 

lis = {{tn)n G Dccr(r2) : the sequence {ft„)n is pointwise convergent}, 

we obtain a regular dyadic subtree T of T2 such that, setting P = [T], the following 
are satisfied. 

(i) For every increasing antichain (i„)„ of T, the sequence (/*„)« is pointwise 
convergent. 

(ii) For every decreasing antichain (t„)„ of T, the sequence (/*„)« is pointwise 
convergent. 

(iii) For every cr G P, the sequence (/cr|n)neLr is pointwise convergent to a 
function 17^. 

We notice the following. By Fact [TTT l). if {t\)n and (t^)n are two increasing 
(respectively decreasing) antichains of T converging to the same cr, then (/^i )„ and 
(/t2 )n are both pointwise convergent to the same function. For every a € P, we 
define g^ as follows. If there exists an increasing antichain (i„)„ of T converging 
to cr, then we set 5+ to be the pointwise limit of (/*„)« (by the above remarks g^ 
is independent of the choice of (t„)„). Otherwise we set 5+ — 5°. Similarly we 
define g~ to be the pointwise limit of {ft„)n, with (t„)„ a decreasing antichain of 
T converging to cr, if such an antichain exists. Otherwise we set g~ = g^- By Fact 
[Island the above discussion, properties (i) and (ii) can be strengthened as follows. 
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(iv) For every cr £ P and every infinite L <ZT converging to a with L -<* ct, the 
sequence {ft)teL is pointwise convergent to . 

(v) For every a d P and every infinite L (-T converging to a with a L, the 
sequence {ft)teL is pointwise convergent to . 

We claim that the tree T and the family {g'^,g^,g~ : a G P} are as desired. 
First we check that properties (l)-(5) are satisfied. Clearly we only have to check 
(2) and (3). We will prove only property (2) (the argument is symmetric). We 
argue by contradiction. So, assume that there exist a sequence (cr„)„ in P, a E P 
and e„ £ {0,+,—} such that ct„ -< a, (cr„)„ converges to a while the sequence 
{9a'l)n does not converge pointwise to gjr. Hence there exist L £ [N] and an open 
neighborhood V of f/+ in such that ^ V for all n G L. By definition, for 
every n £ L we may select a sequence {t^)k in T such that for every n E L the 
following hold. 

(a) The sequence Nn = {t]^)k converges to fT„. 

(b) The sequence {ftv:)k converges pointwise to 

(c) For all A; G N, we have ft^ ^ V. 

(d) The sequence {crn)neL converges to a and a-„ ^ a. 

By Fact I17f 2). there exist a diagonal increasing antichain (tm)m converging to cr. 
By (c) above, we see that is not pointwise convergent to g^ . This leads to 

a contradiction by the definition of g^ . 

Now we will check the Borelness of the maps 0, + and — . Let Lt = {Iq < h < ■■■} 
be the increasing enumeration of the level set Lt of T. For every ?i G N define 
hn : P X X ^ Rhy hn{(J, x) — f„\i^ {x). Clearly hn is Borel. As for all ((t, x) G PxX 
we have 

0(cr, x) = g°{x) = lim /i„((T, x) 

neN 

the Borelness of is clear. We will only check the Borelness of the function + (the 
argument for the map — is symmetric). For every n G N and every cr G P, let 
Z„(cr) be the lexicographically minimum of the closed set {r G P : cr|Z„ C r}. The 
function P 3 a ln(<^) G P is clearly continuous. Invoking the definition of gjr 
and property (2) in the statement of the theorem we see that for all (c, x) G P x X 
we have 

+ (cr,x) = .g+(x) = lim 0° . )(x) = lim 0(/„(cr), x) . 
Thus + is Borel too and the proof is completed. □ 

Remark 1. We would like to point out that in order to apply the Ramsey theory 
for trees in the present setting one has to know that all the colors are sufficiently 
definable. This is also the reason why the Borelness of the functions 0, + and — is 
emphasized in Theorem [121 As a matter of fact, we will need the full strength of 
the Ramsey theory for trees and perfect sets, in the sense that in certain situations 
the color will belong to the tr-algebra generated by the analytic sets. It should be 
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noted that this is in contrast with the classical Silver's theorem jSij for which, most 
applications, involve Borel partitions. 

4.2. Equivalence of families of functions. Let us give the following definition. 

Definition 18. Let I be a countable set and X, Y be Polish spaces. Let also 
and {(7i}ig/ be two pointwise bounded families of real-valued functions on X and Y 
respectively, indexed by the set L. We say that is equivalent to {gi}iei if 

the map 

h ^ 9i 

V V 

is extended to a topological homeomorphism between and {.9i}jg/. 

The equivalence of the families and {gi}iei is stronger than saying that 

{fi}iei homeomorphic to {gi}i^j (such an example will be given in the next 
subsection). The crucial point in Definition [15] is that the equivalence of {fi}iei 
and {gi}i^j gives a natural homeomorphism between their closures. 

The following lemma provides an efficient criterion for checking the equivalence 
of families of Borel functions. We mention that in its proof we will often make 
use of the Bourgain-Fremlin-Talagrand theorem |BFT] without making an explicit 
reference. From the context it will be clear that this is what we use. 

Lemma 19. Let L be a countable set and X,Y be Polish spaces. Let JCi and JC2 be 
two separable Rosenthal compacta on X and Y respectively. Let {fi}i^i and {gi\i^i 
be two dense families of ICi and IC2 respectively. Assume that for every i € L the 
functions fi and gi are isolated in JCi and /C2 respectively. Then the following are 
equivalent. 

(1) The families {fi}iei o,n-d {gi}iei are equivalent. 

(2) For every LCI infinite, the sequence {fi)i^L converges pointwise if and 
only if the sequence {gi)i^L does. 

Proof. The direction (1) (2) is obvious. What remains is to prove the converse. 
So assume that (2) holds. Let MCI infinite. We set /Cf = lUf^^M and /Cf^ = 
{^OiGAf ■ Notice that both /C*^ and /C|^ are separable Rosenthal compacta. Our 
assumptions imply that the isolated points of JCf^ is precisely the set {fi : i e M} 
and similarly for /Cj^. Define ■ l^f^ as follows. First, for every i € M we 

set $M(/i) = g%- lih € /Cf^ with h ^ {fi : i € M}, then there exists L C M infinite 
such that h is the pointwise limit of the sequence {fi)i^L. Define to be the 

pointwise limit of the sequence {gi)i^L (by our assumptions this limit exists). To 
simplify notation, let $ = $/. 

Claim. Let MCI infinite. Then the following hold. 

(1) The map $a/ is well-defined, 1-1 and onto. 

(2) We have ^\i<^m = $a/- 
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Proof of the claim. (1) Fix M Q I infinite. To see that $m is well-defined, notice 
that for every h G with h ^ {fi : i € M} and every ii, Z/2 C M infinite with 
h = liiiiigij fi = limjgij /j it holds that limjgij gr, = liuii^L^ gi. For if not, we 
would have that the sequence {fi)ieLiuL2 converges pointwise while the sequence 
(5i)ieiiUL2 does not, contradicting our assumptions. 

We observe the following consequence of our assumptions and the definition of 
the map $m- For every h G JCf^ , the point h is isolated in Kf^ if and only if $m(/i) 
is isolated in IC^ . Using this we will show that <I>m is 1-1. Indeed, let hi, /),2 G ICf^ 
with $M(/ii) = ^M{h2)- Then, cither ^M{hi) is isolated in K,^ or not. In the first 
case, there exists an G M with ^uihi) = gi^ = 4'm(^2)- Thus, hi = fi^ = /i2. 
So, assume that $m(/ii) is not isolated in /C™. Hence, neither ^M{h2) is. It follows 
that both hi and /12 are not isolated points of /Cf^. Pick ii, I/2 C M infinite with 
hi = limigij^/i and /12 = limigtj /i. As the sequence {gi)ieLiUL2 is pointwise 
convergent to $m(/ii) = ^m(/i2), our assumptions yield that 

hi = lim fi = lim fi = lim fi = /12 

which proves that $m is 1-1- Finally, to see that "I'm is onto, let w G /Cf^ with 
w ^ {gi : i G M}. Let L C M infinite with w = limig^ g^. By our assumptions, the 
sequence {fi)ieL converges pointwise to an /i G fCf^ and clearly ^M{h) = w. 
(2) By similar arguments as in (1). 



By the above claim, it is enough to show that the map $ is continuous. Notice 
that it is enough to show that if {hn)n is a sequence in ICi that converges pointwise 
to an /i G /Ci, then the sequence converges to ^{h). Assume on the 

contrary. Hence, there exist a sequence in /Ci, /i G /Ci and w G IC2 such 

that h = lim„/i„, w = lim„ $(ft,„) and w 7^ ^{h). As the map $ is onto, there 
exists z G ICi such that z h and ^{z) = w. Pick x E X and e > such that 
\h{x) — z{x)\ > e. As the sequence (/i„)„ converges pointwise to h we may assume 
that for all n G N we have \hn{x) — z{x)\ > e. Let 

M={iGl:\fi{x)-z{x)\>'-}. 

Observe the following. 

(01) For all n G N, /i„ G /Cf . 

(02) z ^ /Cf . 

By part (2) of the above claim and (01), we get that $(/i„) = ^M{hn) G IC^ 
for all n G N and so w G K,^ . As $m is onto, there exists h' G /Cf^ such that 
^M{h') = w. Hence by (02) and invoking the claim once more, we have that 
z h' while ^M{h') = $(/i') = $(2), contradicting that $ is 1-1. The proof of the 
lemma is completed. □ 
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4.3. Seven families of functions. The aim of this subsection is to describe seven 
famiUes 

{4:te 2<^} (1 < i < 7) 

of functions indexed by the Cantor tree. For every i G {1, 7}, the closure of the 
family {dj : t G 2<'^} in the pointwise topology is a separable Rosenthal compact 
]Ci. Each one of them is minimal, namely, for every dyadic (not necessarily regular) 
subtree S = (st)tG2<'' of and every i e {!,..., 7} the famihes {<ij}fg2<'' ^-nd 
{(i*^}tg2<N are equivalent in the sense of Definition [T8l Although the families are 
mutually non-equivalent, the corresponding compacta might be homeomorphic. In 
all cases, the family {dl : t G 2^^} will be discrete in its closure. For any of the 
corresponding compacta /C^ (1 < i < 7), by C{K.i) we shall denote the set of all 
infinite subsets L of for which the sequence {d\)ti^L is pointwise convergent. 
We will name the corresponding compacta (all of them are homeomorphic to closed 
subspaces of well-known compacta - see |AU) . [E]) and we will refer to the families 
of functions as the canonical dense sequences of them. We will use the following 
notations. 

If (7 e 2^, then S^r is the Dirac function at a. By a;+ we denote the characteristic 
function of the set {t G 2^ : cr ^ r}, while by x~ the characteristic function of the 
set {t G 2^ : cr ^ r}. Notice that if t G 2<n, then ^-^0°° G 2^, and so, the function 
s^jt^Qoo is well-defined. It is useful at this point to isolate the following property of 
the functions x'^ and which will justify the notation and g~ in Theorem [TBI 
If (o'n)„ is a sequence in 2^* converging to a with (T„ -< a (respectively a < <Jn) for 
all n G N, then sequence (x^'j' )„ converges pointwise to (respectively to x^r) for 
any choice of e„ G — }. 

By identifying the Cantor set with a subset of the unit interval, we will identify 
every cr G 2^ with the real-valued function on 2^ which is equal everywhere with 
cr. Notice that for every t G 2<^, we have t'"0°° G 2^, and so, the function i'"0°° 
is well-defined. For every t G 2^^*, vt stands for the characteristic function of the 
clopen set Vt = {ct G 2^ : i C cr}. By we denote the constant function on 2^ which 
is equal everywhere with zero. We will also need to deal with functions on 2^ © 2^. 
In this case when we write, for instance, [ba, xj) we mean that this function is the 
function 8a on the first copy of 2'*' while it is the function a;+ on the second copy. 

We also fix a regular dyadic subtree i? = (•St)tg2<'' 

of 2<^ with the following 

property. 

(Q) For every s, s' G i?, we have that s'^0°° ^ s'^Q"^ and s^V^ / 5'-"!°°. 
Hence, the set [i?] does not contain the eventually constant sequences. 
In what follows by P we shall denote the perfect set [i?]. By P+ we shall denote 
the subset of P consisting of all cr's for which there exists an increasing antichain 
(sn)n of i? converging to a in the sense of Definition [T51 Respectively, by P~ we 
shall denote the subset of P consisting of all cr's for which there exists a decreasing 
antichain (s„)„ of i? converging to a. 
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4.3.1. The Alexandroff compactification of the Cantor tree A(2^^*). It is the point- 
wise closure of the family 

Clearly the space ^4(2^^) is countable compact, as the whole family accumulates 
to 0. Setting d\ = T^Vt for all t e 2<'^, we see that the family {d\ : t e 2<^} 
is a dense discrete subset of ^(2<^). In this case the description of £(A(2<^)) is 
trivial as 

L G £(A(2<N)) ^ L C 2<N. 

4.3.2. The space 2^^. It is the pointwise closure of the family 

{s^0°° -.s&R}. 
The accumulation points of 2^^ is the set 

{(j-.a&P) 

which is clearly homeomorphic to 2'*'. Thus, the space is uncountable compact 
metrizable. Setting = s^0°° for all t e 2^^*^ and invoking property (Q) above, we 
see that the family {d1 : t G 2<^} is a dense discrete subset of 2^^. The description 

of £(2^N^ ig giyg^ 

L G £(2^^) ^3a&2^ with L ^ a. 

4.3.3. The extended split Cantor set S+ (2^) . It is the pointwise closure of the family 

{a;+ o„ : s G i?}. 

Notice that 5+ (2^) can be realized as a closed subspace of the split interval S{I). 
Thus, it is hereditarily separable. For every cr € P, the function .t+ belongs to 
5+ (2'*^). However, for an element a G P, the function x~ belongs to 5+ (2^) if 
and only if there exists a decreasing antichain (s„)n of R converging to a. Finally 
observe that the family {a;^„Qoo : s G i?} is a discrete subset of S'+(2^) (this is 
essentially a consequence of property (Q) above). Hence, the accumulation points 
of S'+(2N) is the set 

:aGP}U{a;- :aGP-}. 

Setting = a;+„^_^ for all t G 2<^, we see that the family {d^ : t G 2<^} is a 

dense discrete subset of 5+ (2^). Moreover, we have the following description of 
£(5+(2N)) 

L G C{S+{2^)) ^3aG2^ with i ^ ct and (either L ^* a or a ^* L). 
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4.3.4. The mirror image S- (2^^) of the extended split Cantor set. The space 5+ (2'*) 
has a natural mirror image S-{2^) which is the pointwise closure of the set 

{x^„^^ : s e R}. 

The spaces 5+ (2^) and S-{2^) are homeomorphic. To see this, for every t e 2^*^ 
let t £ 2^'*' be the finite sequence obtained by reversing with 1 and 1 with in 
the finite sequence t. Define (j) : R ^ R hy 0(st) — Sf for all t £ 2^^^. Then it is 
easy to see that the map 

5+(2N) 3 a;+„ x" ,„.^ £ ^_(2^) 

is extended to a topological homeomorphism between S'4-(2^) and S- (2^). However, 
the canonical dense sequences in them are not equivalent. Notice that for every 
£ P the function x~ belongs to S-{2^), while the function a;+ belongs to S-{2^) 
if and only if there exists an increasing antichain (s„)n of R converging to a. It 
follows that the accumulation points of S-{2^) is the set 

{x- : a e P}U{x+ : a e P+}. 

As before, setting df = x^„ ^ for aU t £ 2<^, we see that the family {df : t £ 2<^} 
is a dense discrete subset of C[S-{2^^)) and moreover 

L £ C{S-{2^)) ^3a e2^ with L ^ and (either L -<* a or a ^* L). 

4.3.5. The extended Alexandroff compactification of the Cantor set ^(2^^). The 
space A(2'*) is the pointwise closure of the family 

{vt-.te 2<'^}. 

For every ct £ 2^ the function 6a belongs in A(2^), the family {6a '■ o £ 2^} is 
discrete and accumulates to 0. The function is the only non-G^ point of A(2^) 
and this is witnessed in the most extreme way. The accumulation points of A(2^) 
is the set 

{(5, : a £ 2'^} U {0} 

Setting — vt for all t £ 2<^, the family {d^ : t £ 2<^} is a dense discrete subset 
of 1(2^^) and 

L £ C{A{2^)) ^ {3a £ 2^ with L C* a) or (Vct e2^ L±a). 

4.3.6. The extended duplicate of the Cantor set I?(2^). The space Z)(2'*') is the 
pointwise closure of the family 

{(«t,rO°°) :t £2<''}. 

This is the separable extension of the space D(2'*), as it was described in jTol| . 
The accumulation points of D{2^) is the set 

{{6a,a):ae2''}U{iO,a):ae2''}, 
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which is homeomorphic to the AlexandrofF duphcate of the Cantor set. Todorcevic 
was the first to reahze that this classical construction can be represented as a 
compact subset of the first Baire class. The space l)(2^) is not only first countable 
but it is also pre-metric of degree at most two, in the sense of |Tol| . As in the 
previous cases, setting = {vt,fO°°) for every t e 2<^, we see that the family 
{df -.te 2<N} is a dense discrete subset of D{2^) and 

L e jC{D{2^)) ^ 3cr G 2^ with L ^ cr and (either L a or L ± a). 

4.3.7. The extended duplicate of the split Cantor set I?(S'(2^)). It is the pointwise 
closure of the family 

{{vs,x+^g^) : s e R}. 

The space I)(^S{2^)) is homeomorphic to a subspace of the Helly space H. To see 
this, let {{at,bt) : t e 2<^} be a family in [0, 1]^ such that 

(i) at = at^o < ^t"0 ^t-i = and 

(ii) bt-at<^ 

for every t e 2<^ . Define ht : [0, 1] [0, 1] by 

{1 : bt<x, 
\ : at < X <bt, 
: X < at- 

It is easy to see that the map 

D{Si2^))3{v,„x+^^J^ht€n 

is extended to a homeomorphic embedding. It is follows that the space D(^S{2^)) 
is first countable. We notice, however, that it is not pre-metric of degree at most 
two. 

As in all previous cases, we will describe the accumulation points of Z)(S'(2^)). 
First we observe that if (s„)„ is a chain of R converging to a E P, then the se- 
quence (^{vs^^,x'^ -o=°))n pointwise convergent to {6c,, x'^). If (sn)n is an increas- 
ing antichain of R converging to a, then the sequence ((ws„, x^ "0°°))n pointwise 
convergent to (0, x^), while if it is decreasing, then it is pointwise convergent to 
{0,x^). Thus, the accumulation points of l)(S'(2'*')) is the set 

{iS,,xt) : a e P}U {(O^xt) : a e P+}U {{0,x-) : a e P-}. 

Finally, setting = {vs^, x'^^^^^^) for all t G 2<'*, we see that the family {dj : t G 
2<N} is a dense discrete subset of D{Si2^*)). The description of C{D{S{2^*))) is 
given by 

L G C{D{S{2^^))) ^ 3o- G 2^ with L ^ cr and {L -<* a or L C* a or a -<* L). 

We close this subsection by noticing the following minimality property of the above 
described families. 
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Proposition 20. Let {dl : t E 2<^} with i G {1, 7} be one of the seven families 
of functions and let S — (st)tg2<'' ^6 a dyadic (not necessarily regular) subtree of 
2^^. Then the family {dl : t G 2^^} and the corresponding family {d*^ : t G 2^^} 
determined by the tree S are equivalent. 

We also observe that any two of the seven famiUes are not equivalent. Moreover, 
beside the case of S+ (2^) and S- (2^) , the corresponding compacta are not mutually 
homeomorphic either. 

4.4. Canonicalization. The main result of this section is the following. 

Theorem 21. Let {ft}te2<'^ be a family of real-valued functions on a Polish space 
X which is relatively compact in Bi{X). Let also {dt}te2<N (1 < * < 7) 6e the 
families described in the previous subsection. Then there exist a regular dyadic 
subtree S = (st)tg2<« o/ 2<^ and io G {!,..., 7} such that {fst}te2<'" *s equivalent 
to {dT}t&2<«- 

Proof. The family {ft}t£2<^> satisfies all hypotheses of Theorem [TBI Thus, there 
exist a regular dyadic subtree T of 2^^^ and a family of functions {g^,g^,g~ : 
(J G P}, with P = [T], as described in Theorem [111 Let also 0,+ and — be the 
corresponding Borel functions. We recall that for every subset X of 2^ we identify 
the set [X]'^ of doubletons of X with the set of all (cr, r) G X^ with a ^ t. For 
every e G {0, +, — } let 

Then A^^e is an analytic subset of [P]^. To see this, notice that 

(CTi,cr2) G ^e,e ^ 3x G X with (x) ^ (x) 

<^ 3x £ X with e{ai,x) yi^ £{a2,x). 

Invoking the Borelness of the functions 0, +, — we see that A^^^ is analytic, as 
desired. Notice that for every Q P perfect and every e G {0,+,—}, the set 
Ae,e n [Q]^ is analytic in [Q]^. Thus, applying Theorem [6] successively three times, 
we get a perfect subset Qq of P such that for all e G {0, +, — } we have that 

either [Qo]^ C A,^, or A,^, [Qo]^ - 0. 

Case 1. Ao,o n [Qo]^ = 0- Is this case, we have that = g^^ for all (cri,(T2) G 
[Qo]^- Thus, there exists a function g such that g'^ — g for all a G Qq. By 
properties (2) and (3) in Theorem [12] and the homogeneity of Qq, we see that 
9a- = 9a = 9a = 9 ^'^^ ^ Qq. Pick a regular dyadic subtree S — (st)ie2<" of T 
such that [S] C Qq and fsi^9 for all s E S. Invoking properties (1), (4) and (5) 
of Theorem [TBI as well as Lemma [8l[2), we see that for every infinite subset A of 
the sequence {ft)t(£A accumulates to 5. It follows that {/sj^gg — {fs}ses U {g}, 
and so, {/sj}tg2<N is equivalent to the canonical dense family of A(2^^). 
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Case 2. [Qo]^ Q ^o,o- Then for every (cri,o'2) G [Qo]^ we have that g^^ ^ g^^- 
passing to a further perfect subset of Qo if necessary, we may also assume that 

(PI) 5" ft for every cr e Qo and every t £T. 

Case 2.1. Either ^+,+ n [Qo]^ = 0, or A_ _ n [Qo]^ = 0- Assume first that 

^+,+ ri [Qo]^ = 0- In this case we have that there exists a function g such that 

g^ — g for aU cr G Qo- By property (3) in Theorem [16] and the homogeneity of Qoi 

we must also have that g^ = g for all a £ Qo- This means that yl_ _ n [Qo]^ = 0- 

Thus, by symmetry, this case is equivalent to say that v4+^+ n [Qo]^ = and 

n [Qo]^ = 0- It follows that there exists a function g such that g^ — g^ = g 

for all cr G Qq. By passing to a further perfect subset of Qo if necessary, we may also 

assume that g'^ ^ g for all a G Qo- We select a regular dyadic subtree S — {st)t(^2<" 

of T such that [S] C Qo and fs ^ g for all s E S. This property combined with 

p 

(PI) implies that for every s £ S the function fs is isolated in {fs}g^s- 

We claim that {/st}tg2<" is equivalent to the canonical dense family of A(2^). 
We will give a detailed argument which will serve as a prototype for the other cases 
as well. First, we notice that, by Lemma \W\ and the description of £(yl(2'*')), it is 
enough to show that for a subset A of S*, the sequence {fs)seA converges pointwise 
if and only if either A is almost included in a chain, or A does not contain an infinite 
chain. For the if part, we observe that if A is almost contained in a chain, then by 
property (1) of Theorem [TBI the sequence {fs)seA is pointwise convergent. Assume 
that A does not contain an infinite chain. Since g+ = g^ = 9 for all a G Qo, we see 
that for every increasing and every decreasing antichain (s„)„ of S*, the sequence 
(/s„)ii converges pointwise to g. Thus, {fs)s^A is pointwise convergent to g. For 
the only if part we argue by contradiction. If there exist cti ^ 172 contained in 
[S] with A n {cri|n : 71 G N} and A n {(T2\n : n G N} infinite, then the fact that 
7^ 5ct2 implies that the sequence {fs)seA is not pointwise convergent. Finally, if 
A contains an infinite chain and an infinite antichain, then the fact that g'^ ^ g for 
all a G [S] implies that (fs)seA is not pointwise convergent too. 

Case 2.2. [Qo]^ Q ^+,+ and [Qo]'^ Q In this case we have that 

(P2) ^ for aU (ai.a^) G [Qo]^ and e G {0, +, -}. 

Moreover, by passing to a further perfect subset of Qo if necessary, we may strengthen 
(PI) to 

(P3) .g5 ft for all cr G Qo, e G {0, +, -} and t G T. 
Observe that (P3) implies the following. For every regular dyadic subtree S oi T 
with [S] C Qo and every s G 5, the function fs is isolated in the closure of {/s}sgs 
in R-^ . Thus, as in Case 2.1, in what follows Lemma [T51 will be applicable. 

For every ei, £2 G {0, +, — } with ei ^ £2 let 

= {(ai,a2) G [Qo? -g'.l^g'al}- 
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Then Ae^.e2 is an analytic subset of [Qo]^- Applying Theorem [6] successively six 
times, we find Qi C Qg perfect such that for all ei, £2 G {0, +, — } with £1 ^ we 
have that 

either [Qif C A^^,^^ or A^^,^^ n [Qif = 0. 

We claim that for each pair ei, £2 the first alternative must occur. Assume on the 
contrary that there exist £1, £2 with £1 7^ £2 and such that A^^,^^ n [Qi]^ = 0. Let r 
be the lexicographical minimum of Qi. Then for every a, a' € Qi with t < a ^ a' 
we have = g^^ = g^^, which contradicts (P2). Summing up, by passing to Qi, 
we have strengthen (P2) to 

(P4) g%\ + g%\ for aU ((11,^2) G [Qi]^ and £i,£2 G {0,+,-}. 

For every £ e {+, — }, define Sq.e C by 

It is easy to see that i3o,£ is an analytic subset of Q\. Thus, by the classical perfect 
set theorem, we find Q2 C Qi perfect such that for every e E {+, — } we have 

either Q2 C Bq^^ or Sq.e n (52 = 0- 

Case 2. 2. a. i3o,+ n (32 = and -Bo,- n (52 = 0- In this case, for every a € Q2 
there exists a function g^ such that ga — g^ — 9t ~ 9a ■ Moreover, 5^1 7^ g<j2 for 
all fTi ^ (J2 in Q2, as (^2 G (Ji. Invoking properties (2) and (3) in Theorem [TBI 
we see that the set {g^ : ct e (32} is homeomorphic to Q2- We select a regular 
dyadic subtree S ~ {st)te2<" of T such that [S*] Q Q2 Q Qo- It follows that 
{/s}s65 = {/Jses U {ga ■■ (T £ [5]}, and so, the family {fst}te2<« is equivalent to 
the canonical dense family of 2^^^. 

Case 2.2.b. i3o.+ Ci Q2 = and Q2 C Bq -. This means that g° = gjr and 
^ 5^ for all a G (52- Let S* {st)te2<'* be a regular dyadic subtree of T such 
that [S] C (52 C (5o. Invoking (P3) and the remarks following it, the description of 
C(S+{2^^)) and Lemma [TOl arguing precisely as in Case 2.1, we see that {fst}te2<''< 
is equivalent to the canonical dense family of 5*+ (2^). 

Case 2.2.C. Q2 C i?o,+ and -Bq,- f) Q2 — 0- This means that 3° — g^ and 
9a 9a for all a E Q2- As in the previous case, let S — (st)tg2<N be a regular 
dyadic subtree of T such that [S] ^ Q2 ^ Qo- In this case {fst}te2<''' is equivalent 
to canonical dense family of the mirror image S^{2^) of the extended split Cantor 
set (the argument is as in Case 2.1). 

Case 2.2.d. Q2 C i3o,+ and Q2 C Sq,-- In this case we have 
(P5) ^ g+ and ^ g- for aU a e Q2. 
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Let 

B+^^={aeQ2.gt ^g-] 

Again, - is an analytic subset of Q2- Thus there exists Qa C Q2 perfect such 
that either C B+_ or n B+_ = 0. 

Case 2.2.d.I. Qi, n = 0. This means that for every cr e Q3 there exists 

a function g^. such that = g^ = g^ and (/g. 7^ 5^- Moreover, by property 
(P4) above, we have that g^^ ^ ga-i and g^^ ^ ^o^' all (o'i,i72) G [Qa]^, as 
Q3 Q Q2 Qi- Let S" = (st)tg2<" be a regular dyadic subtree of T such that 
[S] C Qg C Qg. In this case {/st}te2<'*' is equivalent to the canonical dense family 
of Z)(2^). The verification is similar to the previous cases. 

Case 2.2.d.II. C This means that gjr 7^ g~ for all a £ Q^. Combining 

this with (P4) and (P5), we see that g%\ ^ gp^ if either ei ^ £2 or cti ^ cr2- As 
before, let S ~ {st)t<£2<« be a regular dyadic subtree of T such that [5*] C Qg C Qq. 
Then {/st}tG2<''' is equivalent to the canonical dense family of Z)(S'(2^)). 

All the above cases are exhaustive and the proof is completed. □ 

By Theorem [21] and Proposition [20l we get the following corollary. 

Corollary 22. Let X be a Polish space and {/t}tg2<N be family of functions rel- 
atively compact in Bi{X). Then for every regular dyadic subtree T of 2"^^ there 
exist a regular dyadic subtree S of T and io G {1, 7} such that for every regular 
dyadic subtree R — {rt)te2<'* of S, the family {/rt}te2<'*' equivalent to {dl°}t£2<'*- 

5. Analytic subspaces of separable Rosenthal compacta 

In this section we introduce a class of subspaces of separable Rosenthal compacta 
and we present some of their basic properties. 

5.1. Definitions and basic properties. Let /C be a separable Rosenthal compact 
on a Polish space X. For every subset of /C by Acc{J^) we denote the set of 
accumulation points of T in M.^ . We start with the following definition. 

Definition 23. Let K, be a separable Rosenthal compact on a Polish space X and 
C a closed subspace of JC. We say that C is an analytic subspace of K, if there exist 
a countable dense subset {fn}n of IC and an analytic subset A of [N] such that the 
following are satisfied. 

(1) For every L £ A we have that Acc[{fn '■ n G L}) C C. 

(2) For every g £ C (1 Acc{JC) there exists L £ A with g G {fn}neL- 
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Let US make some remarks concerning the above notion. First we notice that 
the analytic set A witnessing the analyticity of C can always be assumed to be 
hereditary. We also observe that an analytic subspace of JC is not necessarily sepa- 
rable. For instance, if AC = A{2^) and C = A(2^), then it is easy to see that C is an 
analytic subspace of /C. The following proposition gives some examples of analytic 
subspaces. 

Proposition 24. Let JC be a separable Rosenthal compact. Then the following hold. 

(1) /C is analytic with respect to any countable dense subset {fn}n o//C. 

(2) Every closed Gs subspace C of K. is analytic. 

(3) Every closed separable subspace C of IC is analytic. 

Proof (1) Take A [N]. 

(2) Let {Uk)k be a sequence of open subsets of /C with Uk+i C Uk for all fc S N and 
such that C = plj, C/fc. Let also {fn}n be a countable dense subset of IC. For every 

G N, let Mk = {ri G N : /„ G Uk}. Notice that the sequence {Mk)k is decreasing. 
Let A C [N] be defined by 

L e A ^ Vfc e N (L c* Mk). 

Clearly A is Borel. It is easy to see that A satisfies condition (1) of Definition 
[23] for C. To see that condition (2) is also satisfied, let g G C fl Acc{lC). By the 
Bourgain-Fremlin-Talagrand theorem |BFT| , there exists an infinite subset L on N 
such that g is the pointwise hmit of the sequence (/„)„gL- As g £ Uk for all fc G N, 
we see that L C* Mk for all k. Hence the set A witness the analyticity of C. 

(3) Let Di be a countable dense subset of K- and D2 a countable dense subset of C. 
Let {fn}n be an enumeration of the set Di U D2 and set i = {n G N : /„ G D2}. 
Let also M = {k e L : fk e Acc{IC)} and for every k e M select Lk G [N] such that 
fk is the pointwise hmit of the sequence (/n)nGifc- Define A = [L] U (UfeeMl^fc])- 
The countable dense subset of K. and the set A verify the analyticity of C. □ 

To proceed with our discussion on the properties of analytic subspaces we need 
some pieces of notation. Let /C be a separable Rosenthal compact and f — {/„}« a 
countable dense subset of IC. We set 

£f = {L G [N] : {fn)neL is pointwise convergent}. 

Moreover, for every accumulation point / of IC we let 

Cfj' = {L G [N] : {fn)neL is pointwise convergent to /}. 

We notice that both Cf and Cfj are co-analytic. The first result relating the 
topological behavior of a point / in IC with the descriptive set-theoretic properties 
of the set Cfj is the result of A. Krawczyk from [Kr] asserting that a point f £ IC is 
Gs if and only if the set Cfj is Borel. Another important structural property is the 
following consequence of the effective version of the Bourgain-Fremlin-Talagrand 
theorem, proved by G. Debs in |De| . 
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Theorem 25. Let JC be a separable Rosenthal compact. Then for every countable 
dense subset f = {/„}« of IC, there exists a Borel, hereditary and cofinal subset C 
ofCf. 

We refer the reader to [Doj for an explanation of how Debs' theorem yields the 
above result. 

Let K, and f = {/„}„ as above. For every A C Cf we set 

ICas = {.g G /C : EIL G a with g = lim /„}. 

We have the following characterization of analytic subspaces which is essentially a 
consequence of Theorem 1251 

Proposition 26. Let IC be a separable Rosenthal compact and C a closed subspace 
ofK,. Then C is analytic if and only if there exist a countable dense subset f = {fn}n 
of IC and a hereditary and analytic subset A' of Cf such that 1Ca' ,t = C C\Acc{lC). 

Proof. The direction is immediate. Conversely, assume that C is analytic and 
let f = {fn}n and A C [N] verifying its analyticity. As we have already remarked, we 
may assume that A is hereditary. By Theorem [25l there exists a Borel, hereditary 
and cofinal subset C of £f . We set A' = Ar\C. We claim that A' is the desired 
set. Clearly A' is a hereditary and analytic subset of Cf. Also observe that, by 
condition (1) of Definition [23l for every L a A' the sequence {fn)n£L must be 
pointwise convergent to a function g £ C. Hence JCA',f C C fl Acc(IC). Conversely 
let g G C n Acc{IC). There exists M G A with g G {fn}neAi- Bourgain- 
Fremlin-Talagrand theorem, there exists N G [M] such that g is the pointwise limit 
of the sequence {fn)n£N- Clearly N G Cf. As C is cofinal in Cf, there exists 
L G [N] with L e C. As A is hereditary, we see that L e AnC = A' . The proof is 
completed. □ 

5.2. Separable Rosenthal compacta in Bi{2^'^). Let IC be separable Rosenthal 
compact on a Polish space X and f — {/„}„ a countable dense subset of JC. By 
Theorem [25l there exists a Borel cofinal subset of Cf. The following proposition 
shows that if X is compact metrizable, then the global property of Cf (namely that 
it contains a Borel cofinal set) is also valid locally. We notice that in the argument 
below we make use of the Arsenin-Kunugui theorem in a spirit similar as in [Po2j. 

Proposition 27. Let X be a compact metrizable space, tC a separable Rosenthal 
compact on X and f — {/«}« a countable dense subset of JC. Then for every / G /C 
there exists an analytic hereditary subset B of Cfj which is cofinal in Cfj. 

Proof. We apply Theorem [21] and we get a hereditary, Borel and cofinal subset C 
of Cf. Consider the function ^ : C x X ^ M. defined by ^{L,x) — fhi^), where by 
/l we denote the pointwise limit of the sequence {fn)ni^L- Then (f> is Borel. To see 
this, for every n G N let $„ : C x X ^ R be defined by $„(L,a;) = fi„ix), where 
In is the n*^ element of the increasing enumeration of L. Clearly <!>„ is Borel. As 
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^{L,x) = lim„ <i>„(i, x) for all {L,x) ^ C x X, the Borelness of $ is shown. For 
every m e N define Pm C C x X by 

f 



iL,x)ePm <^ \fLix) - fix)\> 



' 1 

^ (c,.)E$-((-oo,--^)U(^,+oo)). 

Clearly Pm is Borcl. For every L E C the function x \fL{x) — f{x)\ is Baire-1. 
Hence, for every L E C the section {P,n)L = {x E X : {c,x) G Pm} of Pm at L is 
Fa-, and as X is compact metrizable, it is K^- By the Arsenin-Kunugui theorem 
(see [Kej . Theorem 35.46), the set 

Gm = projpPm 

is Borcl. It follows that the set G = IJ^^ Gm is a Borel subset of C. Put D = C\G. 
Now observe that for every L E C we have that L E C[j- if and only ii L ^ G. 
Hence, the set 13 is a Borel subset of Cfj, and as C is cofinal, we get that D is 
cofinal in Cfj- Hence, setting B to be the hereditary closure of 13, we see that B 
is as desired. □ 

Remark 2. (1) We notice that PropositionlTTlis not valid for an arbitrary separable 
Rosenthal compact. A counterexample, taken from |Po2j (see also \Ma,\ ) , is the 
following. Let A be an analytic non-Borel subset of 2^^ and denote by ICa the 
separable Rosenthal compact obtained by restrict every function of A{2^) on A. 
Clearly the function 0|^ belongs to ICa and is a non-G^ point of K-a- It is easy to 
check that, in this case, there does not exist a Borel cofinal subset of >CoU- 
(2) We should point out that the hereditary and cofinal subset B of Cfj, obtained 
by Proposition [27l can be chosen to be Borel. To see this, start with an analytic 
and cofinal subset Aq of Cfj. Using Souslin's separation theorem we construct two 
sequences {Bn)n and (C„)„ such that Bn is Borel, C„ is the hereditary closure of 
Bn and C _B„ C C„ C Bn+i C Cfj for all n eN. Setting B = 1J„ we see 
that B is as desired. 

The arguments in the proof of Proposition [27] can be used to derive certain 
properties of analytic subspaces of separable Rosenthal compacta. To state them 
we need one more piece of notation. For a separable Rosenthal compact /C on a 
Polish space X, f — {/„}„ a countable dense subset of JC and C a closed subspace 
of K, we set 

Cf,c = {Le [N] : 3.9 e C with g = lim /„}. 

Clearly Cffi is a subset of Cf. Also notice that if C = {/} for some f E K., then 
Cffi = Cfj. 

Part (1) of the following proposition extends Proposition [27l for analytic sub- 
spaces. The second part shows that the notion of an analytic subspace of IC is 
independent of the choice of the dense sequence, for every separable Rosenthal 
compact IC in ^1(2^^). 
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Proposition 28. Let X be a compact metrizable space, JC be a separable Rosenthal 
compact on X and C and analytic subspace of JC. Let f = {/nln be a countable 
dense subset of fC and A C [N] witnessing the analyticity of C. Then the following 
hold. 

(1) There exists an analytic cofinal subset Ai of Cf^c- 

(2) For every countable dense subset g — {gn}n of K, there exists an analytic 
subset A2 of £g such that ICaz.s — C H Acc{IC). 

Proof. (1) By Proposition[26l there exists a hereditary and analytic subset A' of Cf 
such that K-A',! = Cr]Acc{IC). Applying Theorem!^ we get a Borel, hereditary and 
cofinal subset C oi C[. As in Proposition [27l for every i e C by /l we denote the 
pointwise limit of the sequence {fn)n£L- Let A" — A' CiC. Clearly A" is analytic 
and hereditary. Moreover, it is easy to see that ICA",f —CD Acc{IC) (i.e. the set 
A" codes all function in Acc{IC) fl C). Consider the following equivalence relation 
~ on C, defined by 

L^M^fL^ fM ^yxeX fL{x) = /m(x). 

We claim that ~ is Borel. To see this notice that the map 

C -kC xX3{L,M,x)^ \fL{x) ~ fM{x)\ 

is Borel (this can be easily checked arguing as in Proposition [27|). Moreover, for 
every (L, M) G C x C, the map x ^ \ fL{x) — /j\f(a;)| is Baire-1. Observe that 

-(L ^ M)^3xeX 3e>0 with |/l(x) - /a/ (a;)| > e. 

By the fact that X is compact metrizable and by the Arsenin-Kunugui theorem we 
see that ^ is Borel. We set Ai to be the ~ saturation of A" , i.e. 

Ai = {M eC -.BLe A" with M - L}. 

As A" is analytic and ^ is Borel, we get that Ai is analytic. As C is cofinal, it is 
easy to check that Ai is cofinal in Cf^. Thus, the set Ai is the desired one. 
(2) Let Ci and C2 be two hereditary, Borel subsets of Cf and £g cofinal in Cf and 
jCg respectively. By part (1), there exists a hereditary and analytic subset Ai of Cf 
which is cofinal in Cf^c ■ We set A[ — AiCiCi. Consider the following subset S of 
Ci X C2 defined by 

{L, M) eS^fL= 9M ^VxeX fL{x) - gM{x) 

where /l denotes the pointwise limit of the sequence {fn)neL while qm denotes the 
pointwise limit of the sequence {gn)neM- As X is compact metrizable, arguing as 
in part (1), it is easy to see that S is Borel. We set 

A2 = {M e C2 : 3L e A[ with (i, M) £ S}. 

The set A2 is the desired one. □ 
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We close this subsection with the following proposition which provides further 
examples of analytic subspaces. 

Proposition 29. Let /C fee o separable Rosenthal compact on a Polish space X. 
Let also F be a K„ subset of X. Then the subspace = {/ G /C : /If = 0} of K. 
is analytic with respect to any countable dense subset f = {fn}n of K.. 

Proof. Let C be a hereditary, Borel and cofinal subset of £f . Let Z be the subset 
ofC X X defined by 

{L,x) G Z '^{xgF) and {3s > with |/i,(a;)| > s). 

The set Z is Borel. As F is K„, we see that for every L G C the section Zl = 
{x G X : {L, x) £ Z} of Z a.t L is Kcr- Thus, setting A = C\ proj^^Z and invoking 
the Arscnin-Kunugui theorem, we see that the set A witnesses the analyticity of 

Cf with respect to {fn}n- D 

Related to the above propositions and the concept of an analytic subspace of IC, 
the following questions are open to us. 

Problem 1. Is it true that the concept of an analytic subspace is independent of 

the choice of the countable dense subset of Kl More precisely, if C is an analytic 
subspace of a separable Rosenthal compact /C on a Polish space X and f = {/„}„ 
is an arbitrary countable dense subset of /C, does there exists A C £f analytic with 
Ka,{ = Cf) Acc{K)l 

Problem 2. Let A;; be a separable Rosenthal compact on a Polish space X and let 
B C X Borel. Is the subspace Cb = {/ G /C : /|b = 0} analytic? 

6. Canonical embeddings in analytic subspaces 

This section is devoted to the canonical embedding of the most representative 
prototype, among the seven minimal families, into a given analytic subspace of a 
separable Rosenthal compact. The section is divided into two subsections. The 
first subsection concerns metrizable Rosenthal compacta and the second the non- 
metrizable ones. We start with the following definitions. 

Definition 30. An injection (f) : — > N is said to be canonical provided that 
(l){s) < (l>{t) if either \s\ < \t\, or \s\ = \t\ and s -< t. By <po we denote the unique 
canonical bisection between 2^^ and N. 

Definition 31. Let K, be a separable Rosenthal compact, {fn}n o, countable dense 

subset of K, and C a closed subspace of JC. Let also {rfj}te2<'« (1 ^ * ^ 7) be the 
canonical families described in §-<^.5 and let ICi (1 < i < 7) be the corresponding 
separable Rosenthal compacta. For every i £ {!,..., 7}, we say that /Cj canonically 
embeds into JC with respect to {fn}n and C if there exists a canonical injection 
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4> : — > N such that the families {dl}t^2<f> an-d {/0(t)}(g2<N are equivalent, that 
is if the map 

Ki^ /^(t) e /C 

^5 extended to a homeomorphism between Ki and {/<^(t)}(£2<N' '^"'^ moreover 

^cc({^(i) : t G 2<N}) C C. 

IfC = K, then we simply say that /C, canonical embeds into K with respect to {fn}n- 

6.1. Metrizable Rosenthal compacta. This subsection is devoted to the proof 
of the following theorem. 

Theorem 32. Let IC be a separable Rosenthal compact on a Polish space X consist- 
ing of bounded functions. Let also {/«}„ be a countable dense subset of K,. Assume 
that K. is metrizable in the pointwise topology and non-separable in the supremum 
norm of Bi{X). Then there exists a canonical embedding of 2^^ into K, with re- 
spect to {fn}n whose accumulation points are e-separated in the supremum norm 
for some e > 0. In particular, its image is non-separable in the supremum norm. 

Proof. Fix a compatible metric p for the pointwise topology of IC. Our assumptions 
on IC yield that there exist e > and a family F = {/^ : ^ < wi} C /C such that 
F is £-separated in the supremum norm and each is a condensation point of the 
family F in the pointwise topology. 

By recursion on the length of finite sequences in 2^^ we shall construct the 
following. 

(CI) A family (-Bt)te2<'« of open subsets of IC, 
(C2) a family {xt)te2<'* in 

(C3) two families {rt)te2<'^j ('7t)tG2<N of reals and 
(C4) a canonical injection (p : 2<^ — > N 
such that for every i e 2<^ the following are satisfied. 

(PI) Bt^o n Sj^i = 0, Bt^o U Bt^i C Bt and p - diam(Bt) < 

(P2) |BtnF| =Ki. 

(PS) Tf < qt and qt - rt > e. 

(P4) For every / e B^^q, f{xt) < rt, while for every / e B^^i, f{xt) > Qt- 
(P5) /^(t) G Bt. 

We set B(0) = IC and 0((0)) = 0. Wc choose f,g & T and we pick x £ X and 
r,q £ M such that f{x) < r < q < g{x) and q ^ r > e. We set = x, r(0') = r 
and 9(0) = q. We select i?(o),-B(i) open subsets of /C such that / G i?(o) ^ {/i G 
: /i(x(0)) < r(0)}, g G C {/i G : /i(.T(0)) > 9(0)}, P - diam(S(o)) < \ 
and p — diam(S(i)) < |. Let us observe that a;(0),r(0),q'(0),S(o) and satisfy 
properties (P1)-(P4) above. Notice also that i3(o),-B(i) are uncountable, hence, 
they intersect the dense set {/„}„ at an infinite set. So, we may select ^((0)) < 
0((O)) < </>((!)) satisfying (P5). The general inductive step proceeds in a similar 
manner assuming that 
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(a) for each t G with \t\ < n — 1, xt, rt and qt have been chosen, and 

(b) for each t G 2^^^ with \t\ < n, Bt and (j){t) have been chosen 

such that (P1)-(P5) are satisfied. This completes the recursive construction. 

Notice that for every cr G 2^ we have f^^B^^n = {fa}- The map 2^ 3 a i-^ 

fa ^ IC is a. homeomorphic embedding. Moreover, for every a € 2^, the sequence 

{f<t>{a\n))n IS poiutwisc Convergent to f^- We also observe the following consequence 

of properties (P3) and (P4). If cr < t e 2^, then, setting t = a /\t, we have that 

fa{xt) < Tf < qt < frixt) and so 11/^ — /tIIoo > £• As there are at most countable 

many cr S 2^ with G {/«}«, by passing to a regular dyadic subtree of 2<^ if 

necessary, we may assume that for every t € 2^^ the function f^(t) is isolated in 
p 

{/</)(*) }jg2<N' This easily yields that the family {f(j,(t)}te2<'* is equivalent to the 
canonical dense family of 2^^. The proof is completed. □ 

6.2. Non-metrizable separable Rosenthal compacta. The main results of this 
subsection are the following. 

Theorem 33. Let JC be a separable Rosenthal compact on a Polish space X and let 
C be an analytic subspace of !C. Let also be a countable dense subset of JC and 

A C [N] analytic, witnessing the analyticity ofC. Assume that C is not hereditarily 
separable. Then either A{2^), or Z)(2^), or Z)(S'(2^)) canonically embeds into K. 
with respect to {/„}„ and C. 

In particular, if K, is first countable and not hereditarily separable, then either 
Z)(2^), or D{^S{2^)^ canonically embeds into fC with respect to every countable dense 
subset {/„}„ of K. 

As it is shown in CoroUaryHSl if K. is not first countable, then A{2^) canonically 
embeds into /C. 

Theorem 34. Let JC be a separable Rosenthal compact on a Polish space X and 
{/n}n 0, countable dense subset of K,. Assume that K, is hereditarily separable and 
non-metrizable. Then either S+{2^), or S'_(2^) canonically embeds into K. with 
respect to {/„}„. 

6.2.1. Proof of Theorem\SS[ The main goal is to prove the following. 

Proposition 35. Let IC, C and {fn}n be as in Theorem \33l Then there exists a 
canonical injection tp : 2^^ — > N such that, setting 

= {/i>(o-|n)}„ \ {ftl;(a\n)}n 

for all (7 G 2^, there exists an open subset Va C M.^ with JCa C y^. H C and such 
that ICr r\ Va = for every r G 2^ with t ^ a . 

Granting Proposition[35l we complete the proof as follows. Let -0 be the canonical 
injection obtained by the above proposition and define ft = /^(t) for all t G 2*^^. 
We apply Theorem [21] and we get a regular dyadic subtree S = (st)tg2<N of 2^^ 
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and io G {1, 7} such that {/st}tg2<« is equivalent to {c?t°}tg2<«- By Proposition 
[35l we see that the closure of {fst}te2<'* in contains an uncountable discrete 
set. Thus {/st}te2<N is equivalent to the canonical dense family of either ^(2^), 
or D{2^'^), or Z)(S'(2^)). Setting (/> = -0 o we see that (/) is a canonical injection 
imposing an embedding of either A{2^), or b{2^'^), or b{S{2^)) into JC with respect 
to {/„}„ and C. 

We proceed to the proof of Proposition [35l By enlarging the topology on X if 
necessary (see [Kel ) . we may assume that the functions {/„}„ are continuous. We 
may also assume that the set A is hereditary. It follows by condition (2) of Definition 
[23l and the Bourgain-Fremlin-Talagrand theorem, that for every 5 G C fl Acc{IC) 
there exists L e A such that g is the pointwise hmit of the sequence {fn)nGL- We 
fix a continuous map $ : ^ [N] with <^{N^) = A. 

We will need the following notation. For every m g N, y = (xi, ...,Xm) G X™, 
A = (Ai, A„0 G and e > we set 

V{y, A,e) = {g e : Xi ~ e < g{xi) < A; + e = 1, ...,to} 

By V{y, A, e) we denote the closure of V{y, A, e) in M'^. 

Using the fact that C is not hereditarily separable, by recursion on countable 
ordinals we get 

(1) TO G N, A = (Ai, A„i) G Q™ and positive rationals e and 5, 

(2) a family F = = {x{, a;|,) : ^ < c^i} C X™, 

(3) afamily{/^:C<c^i}CC, 

(4) a family {M^ : ^ < uji] <Z [N], and 

(5) a family {6^ : C < ^^i} ^ N"^ 

such that for every ^ < oji the following arc satisfied. 

(i) /4 G Acc{lC). 

(ii) G V{y^,\, e), while for every ^ < ^ we have ^ ^(y^, A, e + (5). 

(iii) is a condensation point of F in X™. 

(iv) ^(foj) = A/^ and /e is the pointwise limit of the sequence {fn)neM^- 
Now, by induction on the length of the finite sequences in 2^'*' we shall construct 

the following. 

(CI) A canonical injection ip : 2<^ N. 

(C2) A family (Bt)tG2<M of open balls in X™, taken with respect to a compatible 

complete metric p of X™. 
(C3) A family (Ai)ig2<N of uncountable subsets of ui. 
The construction is done so that for every t G 2<^ the following are satisfied. 

(PI) If t ^ (0), then /^(t) G V{y, A, e) for aU y G B*. _ 
(P2) For aU t' , t G 2<'^ with \t'\ = \t\ and t' ^ t we have /^(t) ^ V{y, X,e + S) for 
every y € Bf. 

(P3) Bt^or\Bt^i = 0, Bt^oUBt^i C and p - diam(Bt) < 
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(P4) At^o n At^i = and A^.q U A^^i C A*. 
(P5) diani({6j : ^ e At}) < ^. 
(P6) {y^ : e e AJ C S,. 

(P7) If t i- (0), then ^(t) e for every ^ G Aj. 

Assume that the construction has been carried out. We set = P|„ -Bcr|n a-nd 
Kt = Viy„,X,e + |) for all cr e 2^. Using (PI) and (P2), it is easy to see that 
A^CT ^ V'o- and /Cct n = if cr r. We only need to check that )C„ C C for every 
cr e 2^. So, let a arbitrary. We set M = {il^{a\n) : n > 1} e [N]. It is enough 
to show that M € A. For every fc > 1 we select € A^ife. By properties (P4), 
(P5) and (P7), the sequence {b^^)k>i converges to a unique b E and, moreover. 
V'(cr|n) e Mj^ = for every 1 < n < k. By the continuity of $ we get that 

M^^ $(6), and so, M C $(6). As A is hereditary, we see that M e A, as desired. 

We proceed to the construction. We set '^((0)) = 0, = X™ and A(0) = wi. 
Assume that for some n > 1 and for all t e 2<" the values ip{t) e N, the open balls 
Bt and the sets At have been constructed. Refining if necessary, we may assume 
that for every t G 2<" and every ^ G Aj the point is a condensation point of the 
set {yc : C e At}. 

Let {to -< ... -< t2n-i_i} be the ^-increasing enumeration of 2"~^. For every 

j G {0, 2" — 1} we choose an open ball in and an uncountable subset 
A~^ of wi such that p - diam(i?^"^) < {yj : ^ G Aj^} C and diam{65 : 
^ G A~^} < Moreover, the selection is done so that for j even we have 
BJ^ n = 0, BfT u ST^^ C Bt^.^^ and Aj' U At^\ C Af^^,. We set m_i = 
max{V'(i) : t G 2<"}. 

By finite recursion on fc G {0, ...,2" — 1}, we will construct a family {Bj : j = 
0, 2" - 1} of open balls of X"', a family {A^ : j = 0, 2" - 1} of uncountable 
subsets of oJi and a positive integer nik G N such that for every k G {0, 2" — 1} 
the following are satisfied. 

(a) For every j G {0, 2" - 1}, B^-^ D B^, A]-^ D A^^ and {y^:^e A)} C 
B^. Moreover, for every j and every ^ G A^ the point y^ is a condensation 
point of {yc : C G A^*^}. 

(b) mfe_i < mfc. 

(c) For every y e B^ we have /m^ G V{y, A, e), while for every j G {0, 2" — 1} 
with j ^ k and every y G Bj we have ^ 1^(2/, X,e + S). 

(d) mfc G for all ^ € A^. 

As the first step of this construction is identical to the general one, we may assume 
that the construction has been carried out for all k' < k, where k G {0, 2" — 1}. 
Fix a countable base B of open balls of X"^. We first observe that for each ^ G A^"""^ 
and every j G {0, 2" — 1} there exist 

(e) a basic open ball Bj'^ C Bj^^, and 

(f) a positive integer G with ruk-i < 
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such that the foUowing hold. 

(g) For every y € B^'^ we have £ V{y,X,e), while for every j ^ k and 
every y e B^^ we have ^ V{y, \,e + 6). 

To see that such choices are possible, fix ^ e A^"\ We can choose ■fo: ^2"-i 
distinct countable ordinals such that 

(h) for aU j e {0, 2" - 1} we have e Aj'~\ and 
(k) e-&-min{C, : j = 0,...,2"-l}. 

By (ii) and (k) above, we have that /^^ e ^{v^k j while /^^ ^ ^(y?j , A, e + 5) 
for all j ^ fc. By (iv), we can choose G with mj._i < (thus condition 
(f) above is satisfied) and such that f,n^ G V{y^,X,e) while fm^ ^ Viv^jT^,^ + 
for all j ^ k. As is continuous, for every j G {0, 2" — 1} we can find a basic 
open ball Bj'^ in containing y^^ such that conditions (e) and (g) above are 
satisfied. 

By cardinality arguments, we see that there exist Aj: C A^;^^ uncountable, 
rrik E N and for every j a ball B^ such that = m^. and B*^'^ = Bj for all ^ G A^. 
Setting A*^ = • 2/? ^ Sj^jn A*^^^, the recursive construction, described by clauses 
(a)-(d) above, is completed. 

Now let {to -< ... ~< t2"-i} be the -(-increasing enumeration of 2". We set 
i;{tk) = nik, Bt^ = and Aj, = Af for all k E {0, ...,2" - 1}. It is easy 

to check that (P1)-(P7) are satisfied. This completes the construction described in 
(CI), (C2) and (C3). Having completed the proof of Proposition [35l the proof of 
Theorem [33] follows. 

6.2.2. Proof of Theorem \34\ As in the proof of Theorem [331 the main goal is to 
prove the following. 

Proposition 36. Let {/«}„ be a family of continuous functions relatively compact 
in Bi{X). If the closure JC of {fn]n in is non-metrizable, then there exist 
canonical injections ipi : 2<^ ^ N and ■02 : 2<^ ^ N such that following are 
satisfied. Setting 

= {/V'l(o-lri)}^ \ {/i>(0-|n)}n and /C^ = {/^2(<T|n)}^ \ {/V'2(cr|n) }n 

for all a E 2^, there exists an open subset Va of with {K-l. — /C^) C Va and 
{1C\ - JCDnVa ^ for every r € 2^ with r^a. 

Granting Proposition [36l we complete the proof of Theorem (341 as follows. Let 
{fn}n be the countable dense subset of /C. As we have already remarked, we may 
assume that the functions {fn}n sue actually continuous. We apply Proposition 
[36] to the family {/„}„ and we get the canonical injections ipi : 2^'* N and 
tp2 ■ 2<^ — > N as described above. We define gt = ftiji{t) and ht = f,p2{t) for every 
t E 2^^. Applying Corollary [21] successively two times, we get a regular dyadic 
subtree S = (st)tg2<N of 2^'* such that the famihes {5st}te2<" and {^st}te2<M are 
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canonicalized. The fact that K is hereditarily separable implies that each of the 

above families must be equivalent to the canonical dense family of either ^(2<^), 

or 2**^, or 5*+ (2^), or S'_(2^). By Proposition [321 we see that it cannot be the case 

V p 

that both {gst]t^2<'* ^^'^ {^st}t^2<''' ^'^^ metrizable. Thus, at least one of them is 

equivalent to either 5+ (2^), or S-{2^), which clearly implies Theorem [Ml 

We proceed to the proof of Proposition [36l which is similar to the proof of Propo- 
sition[55land relies on the fact that JC is metrizable if and only if there exists D C X 
countable such that the map Acc(/C) 3 f i-^ /jj^ G is 1-1. Thus, by our as- 
sumptions and by transfinite recursion on countable ordinals, we get 

{1) p<q£Q, 

(2) a set F = {xj : ^ < uji} C X, and 

(3) two families {.g^ : £, < oji} and {h^ : ^ < cji} in Acc(A^) 
such that for every ^ < cji the following are satisfied. 

(i) gd^c) = for all C < ^. 

(ii) gd^i) <p <q< h^{xd- 

(iii) is a condensation point of F. 

By recursion on the length of the finite sequences in 2<^ we shall construct the 
following. 

(CI) Two canonical injections : 2<^ ^ N and ip2 ■ 2<^ N. 
(C2) A family (i3t)tg2<N of open balls in X, taken with respect to a compatible 
complete metric p of A". 

The construction is done so that for every t G 2<^ the following are satisfied. 

(PI) If t ^ (0), then /^i(t)(a;) <p<q< f^^[t){x) for every x G Bf. 

(P2) For every t,t' G 2<^ with |<'| = \t\ and t' ^ t and for every x' G Bf we 

have |/v,i(t)(a;') - f^^{t){x')\ < 
(P3) Bt^oHBt^^ = 0, Bt^o U St^i C Bt and p - diam(Bt) < 
(P4) |BtnF| 

Assuming that the construction has been carried out, setting Xa- — Hn ^o-ln 

V„ = {weR^ : \w{x^)\ > {q-p)/2} 

for all cr G 2^, it is easy to check that "011 "4^2 and {Va : cr G 2^} satisfy all 
requirements of Proposition 1361 

We proceed to the construction. We set -01 ((0)) = ?/;2((0)) — and 5(0) = X. 
Assume that for some n > 1 and for all t G 2<" the values ipi{t), ip2{t) S N and the 
open balls Bt have been constructed. As in Proposition 1351 in order to determine 
■01 (t) , -02 {t) and Bt for every t G 2" we shall follow a finite recursion. 

Let {^0 -< ■■■ -< i2"-i-i} be the ^-increasing enumeration of 2"^^. For every 
j G {0, . . . , 2" — 1 } we choose an open ball B~ ^ in A such that p — diam(i3^^ ^ ) < 
and \B^^ n F| = Hi. Moreover, the selection is done so that for j even we have 
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BJ^ n BJ^^ = and BJ^ U BJ^^ C Bt^^^. We set to_i = max{V'i(i) : t e 2<"} 
and Li = max{V'2(i) : t e 2<"}. 

By finite recursion on k E {0,...,2" — 1}, we will construct a family {Bj : 
j = 0, ...,2" — 1} of open balls of X and a pair rat, Ik in N such that for every 
k £ {0, 2" — 1} the following are satisfied. 

(a) For every j e {0, 2" - 1} we have B^f^ D 

(b) TOfe_i < TOfe and Ik.^i < Ik- 

(c) For every x G B^' we have fniki^) < P < Q < fiki^)^ while for every 

j £ {0, 2"-!} with j ^ k and every x' £ i?*^ we have |/mfc(a;')^/ifc(2;')| < 
1 

n+l ■ 

(d) For every j e {0, 2" - 1} we have n F] = Hi. 

We omit the above construction as it is similar to the one in Proposition [55l We 
only notice that condition (k) is replaced by 

(k') =max{^, :j = 0,...,2"-l}. 
Now let {to ^ ... t2"-i} be the ^-increasing enumeration of 2". We set 4'iitk) — 
™fcj '02(^fe) = h and Bf^. = B^ for every k G {0, 2" — 1}. It is easy to check 
that (P1)-(P4) are satisfied. The proof of Proposition [36l is completed. 

Remark 3. We notice that Theorem |32] (respectively Theorem [34)) is valid for an 
analytic and metrizable (respectively hereditarily separable) subspace C of K.. In 
particular, we have the following. 

Theorem 37. Let /C fee a separable Rosenthal compact and C an analytic subspace 
of K. Let {/„}„ fee a countable dense subset of K. and A C [N] witnessing the 
analyticity of C. 

If C is metrizable in the pointwise topology, consists of bounded functions and it 
is norm non-separable, then 2^'*' canonically embeds into K. with respect to {fn}n 
and C, such that its image is norm non-separable. 

Respectively, if C is hereditarily separable and not metrizable, then either S+{2^) 
or S-{2^) canonically embeds into K. with respect to {/„}„ andC. 

The additional information, provided by Theorem 1371 is that the canonical em- 
bedding of the corresponding prototype is found with respect to the dense subset 
{fn}n of /C witnessing the analyticity of C, which is not necessarily a subset of 
C. The proof of Theorem [37] follows the lines of Theorems [32] and [SU using the 
arguments of the proof of Proposition [35] 

7. NON-Gd- POINTS IN ANALYTIC SUBSPACES 

This section is devoted to the study of the structure of not first countable analytic 
subspaces. The first subsection is devoted to the presentation of an extension of a 
result of A. Krawczyk from |Kr) . The proof follows the same lines as in [Kr^ . In 
the second one we show that A{2^'^) canonically embeds into any not first countable 
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analytic subspace C of a separable Rosenthal compact /C and with respect to any 
countable subset D of /C, witnessing the analyticity of C. 

7.1. Krawczyk trees. We begin by introducing some pieces of notation and by 
recalling some standard terminology. By S we shall denote the set of all non-empty 
strictly increasing finite sequences of N. We view E as a tree equipped with the 
(strict) partial order C of extension. We view, however, every i G S not only as a 
finite increasing sequence, but also, as a finite subset of N. Thus, for every s G S 
with maxs < mini we will frequently denote by s U i the concatenation of s and t. 
By [E] we denote the branches of E, i.e. the set {a e N'^ : a\n £ E Vri > 1}. For 
every t e E by Ef we denote the set {s G E : t C s}. 

For every A,B ^ [N] we write A Q* B \i the set A\B is finite. If ^ C [N], then 
we set ^* = {N \ A : A e yl}. For a pair A,B <^ [N] we say that A is B -generated 
if for every A e A there exist i?o, Bk & B such that A C Bq L) ... L) Bk. We say 
that A is countably B-generated if there exists a sequence (i?„)„ is B such that A 
is {Bn ■ n G N}-generated. An ideal I on N is said to be bi-sequential if for every 
p G PN with X C p*, the family X is countably p*-generated. Finally, for every 
family T of subsets of N and every A C N we let T[A] = {L n A : L e T} to he the 
trace of T on A. Observe that if !F is hereditary, then J-[A] = JF n P{A) — {L £ 
T : L C A}. The following lemma is essentially Lemma 1 from |Kr| . 

Lemma 38. Let I be a bi-sequential ideal. Let also J- <Z X and Ad [N] . Assume 
that J-[A] is not countably X-generated. Then there exists a sequence (A„)„ of 
pairwise disjoint infinite subsets of A such that, setting A = {An : n G N}, we have 
thatX[A] is A-generated, while J-[An] is not countably X-generated for every n eN. 

Proof. (Sketch) It suffices to prove the lemma for A = N. We set 

J = {C cn : T[C'] is countably X ~ generated}. 

Then J is an ideal, N ^ J' and X C J^. We select p G /3N with J Qp*. By the bi- 
sequentiality of X, there exists a sequence {Dn)n in P* such that X is : n G N}- 
generated. As p* is an ideal, we may assume that Z3„ n Dm = ii n m. Define 
M = {n en : Dn e J}. By the fact that X is {£>„ : n G N}-generated and TCX, 
we have that !F is {£)„ : n G N}-generated. This observation and the fact that 
{Dn)n are disjoint yield that the set D = IJneA/ belongs to J'. Moreover, the 
set N \ A/ is infinite (for if not we would get that N G p*). Let {fco < fci < ■••} be 
the increasing enumeration of N \ Af and define Aq ^ D \J Dk„ and An = Dk„ for 
71 > 1. It is easy to see that the sequence {An)n is as desired. □ 

The main result of this subsection is the following theorem, which corresponds 
to Lemma 2 in jKrj . We notice that it is one of the basic ingredients in the proof 
of the embedding of A(2^) in not first countable separable Rosenthal compacta. 
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Theorem 39. Let X be a bi-sequential ideal and C X analytic and hereditary. 
Assume that J- is not countably I -generated. Then there exists a 1-1 map k : S — > N 
such that, setting J]r = {k^H^) ■ L e T} and J = {^"^(Af) : M G I}, the 
following are satisfied. 

(1) For every a G [S], {o\n : n > 1} £ Jjr. 

(2) (Domination "property) For every B ^ J and every n > 1 there exist 
to, ifc G S with |<o| = ••• = \tk\ = n cind such that B C* U ... U Et^. . 

It is easy to see that property (2) in Theorem [39] is equivalent to say that B is 
contained in a finitely splitting subtree of E. 

Proof. We fix a continuous map <j) : [N] with (^(N'*) = J-. Recursively, we 

shall construct the following. 

(CI) A family (As)ggisj<N of infinite subsets of N. 

(C2) A family (as)ggpj<N of finite subsets of N. 

(C3) A family (C/s)sgN<N of basic clopen subsets of N^. 
The construction is done so that the following are satisfied. 

(PI) As C At it t \Z s and Ag H At = if s and t are incomparable. 

(P2) For every s G N<^ , \as\ = \s\ and maxa^ G As for all s G N<f* with s ^ (0). 
Moreover C at if and only if s C 

(P3) Us ^ Ut if t n s and diam(C/s) < Moreover, UsCiUt = if s and t are 
incomparable. 

(P4) For every s G N^'*', (f){Us)[As] is not countably Z-generated. 

(P5) For every s G N^^ and every t G Us we have that C 4>{t). 

(P6) For every s G N<^, X[U„ is : n € N}-generated. 

Assuming that the construction has been carried out we complete the proof as 
follows. We define A : N<N\{(0)} ^ N by A(s) = maxa^. By (PI) and (P2) above, 
we see that A is 1-1. Let a G N^. We claim that {X{a\n) : n > 1} = IJ,^ acr|,i G J-. 
To see this, by (P3), let r be the unique element of p|^^ U„^n. Then, by (P5), we 
have that a^\n ^ 4'{'t) for n G N. Thus, IJ^^ a^|„ C (/)(t) G .F. As is hereditary, 
our claim is proved. Now, let B C N<'^ \ {(0)} be such that {X{t) : t e B} el. 
We claim that B must be dominated, i.e. for every n > 1 there exist sq, Sk G N" 
such that B is almost included in the set of the successors of the Sj's in N^^. If not, 
then we may find a subset {i„}„ of B, a node s of and a subset {m„ : n G N} 
of N such that s^rrin ^ tn for every n G N. Notice that {A(i„) : n G N} G I, as Z is 
hereditary. Moreover, by the definition of A and by properties (PI) and (P2) above, 
we see that A(t„) G ^s-m^ for every n G N. Hence {A(t„) : n G N} G 2^[Uri^s"n]- 
This leads to a contradiction by properties (PI) and (P6) above. We set k ~ A|s. 
Clearly k is as desired. 

We proceed to the construction. We set A(0) = N, a(0) = and J7(0) = N^. 
Assume that As, and Us have been constructed for some s G N^^. We set 
J-s ~ 4>{Us)- By property (P4) above and by Lemma [38l there exists a sequence 
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(^n)n of pairwise disjoint infinite subsets of As such that ^s[^n] is not countably 
X-generated for every n e N, while T[As] is {An : n £ N}-generated. Recursively, 
we may select a subset {r„ : n G N} in Us such that for all n G N the following are 
satisfied. 

(i) (l){Tn) n An is infinite. 

(ii) is not countably Z-generated for every k £ N, where VV„|fc = 
{a G : T„|fc C a}. 

This can be easily done, as (j){Us)[An] = TsiAn] is not countably Z-generated for 
every n G N. We may select L = {^o < < .-.} G [N] and a sequence (A:„)„ in N 
such that, setting tT„ = t;^ for all n, the following are satisfied. 

(iii) Vcr^\k^ n K-^ifc^ = if n ^ m. 

(iv) For every n G N we have Kr„|fe„ ^ C^s- 

(v) For every n G N we have diam(V'o.^n,^) < -^ititt- 

Using the continuity of the map for every n G N we may also select k'^^in G N 
such that the following are satisfied. 

(vi) in G 4>{(Tn) n Ai^. 

(vii) maxos < i„ and fc„ < fc^. 

(viii) For every r G Kr^|fc;^ we have i„ G 0(7"). 

For every n G N we set ag-^n = Os U {in}, ^s-n = a-nd Ug-^n — '^cr„\k'^- It is 
easy to check that conditions (P1)-(P6) are satisfied. The proof of the theorem is 
completed. □ 

7.2. The embedding of y4(2^) in analytic subspaces. The main result of this 
subsection is the following. 

Theorem 40. Let fC be a separable Rosenthal compact and C an analytic subspace 
of K,. Let {/n}n he a countable dense subset of K. and A C [N] analytic, witnessing 
the analyticity of C. Let also f G C be a non-Gs point of C. Then there exists a 
canonical homeomorphic embedding of A{2^) into IC with respect to {fn}n and C 
which sends to f . 

For the proof we need to make some preliminary steps. Let /C, C, {fn}n and 
/ G C be as in Theorem 001 We may assume that /„ 7^ / for all n G N. We let 

X/ = {iG[N]:/^{7jLL}- 
Then Tf is an analytic ideal on N (see |Kr] ) . A fundamental property of Xf is 
that it is bi-sequential. This is due to R. Pol (see |Po3j ). We notice that the bi- 
sequentiality of Tf can be also derived by the non-effective proof of the Bourgain- 
Fremlin-Talagrand theorem due to G. Debs (see [Dej . or [AGR| ). 

Let also A C [N] be as in Theorem |40] As we have already pointed out, we may 
assume that A is hereditary. We set 

T^ADTf. 
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Clearly T is an analytic and hereditary subset of X/ . The assumption that / is a 
non-G^ point of C yields (and in fact is equivalent to say) that T is not countably 
I/-generated, i.e. there does exist a sequence {Mk)k in If such that for every L Cz J- 
there exists k €N with L C Mq U ... UM^. To see this, assume on the contrary that 
such a sequence {Mk)k existed. We set Nk = MqU ...UMk for every A: e N. As J/ is 
an ideal, we see that e If for every k. We set Fk ~ {fn}n^j^^ U {fk}- The fact 
that Nk e If implies that / ^ Fk for every k £N. Let g e C n Acc{]C) with g ^ f. 
By condition (2) of Definition there exists L e A with g G {fn}neL- Hence, 
there exists M G [L] such that g is the pointwise limit of the sequence {fn)n^M- 
As A is hereditary, we see that M G and so, there exists fco G N with M C Nka- 
This implies that g G F^^. It follows by the above discussion that {/} — nfe(^\-^fe)j 
that is the point / is G5 in C, a contradiction. 

Summarizing, we have that If is bi-sequential, C. If \s analytic, hereditary 
and not countably I/-generated. Thus, we may apply Theorem [39] and we get the 
1-1 map K : E — > N as described in the theorem. Setting ft — /^(t) for every t G S 
and invoking condition (1) of Definition 1231 we get the following corollary. 

Corollary 41. There exists a family {/t}fgs ^ {fn}n such that the following are 
satisfied. 

(1) For every cr ^ [E], we have that f ^ {fa\n}^ '"^'^ ^cc({/o.|„ : n G N}) C C. 

p 

(2) For every _B C E such that f ^ {/tj^g^ and every n > 1, there exist 
to, ife G E with |<o| = ... = \tk\ = n and such that B C* Et„ U ... U Et^. . 

We call the family {/t}tes obtained in Corollary [41] as the Krawczyk tree of / 
with respect to {/„}« and C. Let us isolate the following property of the Krawczyk 
tree {/t}tes that we will need later on. 

(P) Let i G E and {bn)n be a sequence in E such that maxz < min6„ and 
max bn < min bn+i for every n G N. Then, setting s„ = iUbn for all n G N, 
the sequence (/s„)n is pointwise convergent to /. To see this observe that, 
by property (2) in Corollary [JU every subsequence of the sequence (/s„)n 
accumulates to /. Hence the sequence {fs„)n is pointwise convergent to /. 

We will also need the following well-known consequence of the bi-sequentiality of 
Xf. For the sake of completeness we include a proof. 

Lemma 42. Let {Ai)i be a sequence in [N] such that lim„g^j fn ^ f for every 
I G N. Then there exists D G [N] with linineD fn = f j D <Z [J^ Ai and such that 
D Ci Ai =/= for infinitely many / G N. 

Proof. For every fc G N we set Bk = Ui>fe Then {Bk)k is a decreasing sequence 
of infinite subsets of N. We may select p G /3N such that lim„gp fn = f and Bk £ p 
for every fc G N. By the bi-sequentiality of If, there exists a sequence (Gm),„ of 
elements of p converging to /. We select a strictly increasing sequence {lk)k in N 



44 



S. A. ARGYROS, P. DODOS AND V. KANELLOPOULOS 



such that Ik e Bk n Cq n ... n Ck for aU fc G N and we set D = {h : k e N}. It is 
easy to check that D is as desired. □ 

In the sequel we will apply K. Milliken's theorem |Millj . To this end, we need to 
recall some pieces of notation. Given 6, 6' G E we write 6 < 5' if max 6 < minfe'. By 
B we denote the subset of consisting of all sequences (6„)„ which are increasing, 
i.e. bn < bn+i for every n e N. It is easy to see that B is a closed subspace of E^, 
where E is equipped with the discrete topology and E^ with the product topology. 
For every b = {bn)n G B we set 

(b) = { y 6„ : F C N finite} and [b] = {(c„)„ G B : c„ G (b) Vn}. 

Let us point out that for every block sequence b the set (b) corresponds to an 
infinitely branching subtree of E, denoted by We also recall that the chains of 
7b are in one-to-one correspondence with the family [b] of all block subsequences 
of b. More precisely if (t„)„ is a chain of 7b, then (to,ii \ ^o, ■■■,tn+i \ tn, ■■■) is 
the block subsequence of b corresponding to the chain {tn)n. This observation was 
used by W. Henson to derive an alternative proof of J. Stern's theorem (see jOdj ) . 
li (3 — {bo, bk) with bo < ... < bk and d G B, then we set 

[f3, d] = {(c„)„ G B : c„ = fe„ \/n<k and c„ G (d) Vn > k}. 

We will use the following consequence of Milliken's theorem. 

Theorem 43. For every b G B and every analytic subset A of there exists 
c G [b] such that either [c] Q A, or [c] D A ^ . 

For every b = (6„)n G B and every n G N we set z„ = U"=o^j- define 
C : B ^ E^ and A : B E^ by 

C{{bn)n) = («0, •■•) and v4((6„)„) = (io U 62, «3n U 53„+2, •■•)■ 

We notice that for every b G B the sequence C(b) is a chain of E while A{h) is an 
antichain of E converging, in the sense of Definition [T51 to cr = Un ^ I^l- 
also notice that the functions C and A are continuous. 

Lemma 44. Let {ft}teT, be a Krawczyk tree of f with respect to {fn}n andC. Then 
there exists a block sequence b = such that for every c G [b] the sequence 

(/t)tec(c) pointwise convergent to a function belonging to C and different than f , 
while the sequence {ft)teA{c) *s pointwise convergent to f. 

Proof. Let 

Ci = {c G B : the sequence (/t)tgc(c) is pointwise convergent}. 

It is easy to see that Ci is a co-analytic subset of B. By Theorem 03] and the 
sequential compactness of /C, we find d G B such that [d] is a subset of Ci. As we 
have already remarked, for every block sequence c the sequence C(c) is a chain of 
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S. Hence, by CoroUarvlilTl). we see that for every c G [d] the sequence (/t)tec(c) 
must be pointwise convergent to a function belonging to C and different than /. 



C2 = {c G [d] : the sequence {ft)teA{c) is pointwise convergent to /}. 

Again by Milhken's theorem, there exists b = (6„)„ G [d] such that either [b] C C2, 
or [b] n C2 = 0. We claim that [b] is subset of C2. It is enough to show that 
[b] n C2 ^ 0. To this end we argue as follows. Recall that for every Z G N we have 
set ii — bo U ... U bi. Let 



As the sequence {bn)n is block, by property (P) above, we see that the sequence 
ift)t£Ai is pointwise convergent to /. By Lemma l42l there exists D ClJ^Ai such 
that the sequence {ftjteD is pointwise convergent to / and ZJn A; 7^ for infinitely 
many I. We may select L = {Iq < li < ...},M = {mo < nii < ...} G [N] such that 
Z„ + 1 < m„ < In+i and ii^ U bm„ G D for all n G N. Now we define c — (c„)„ G [b] 
as follows. We set cq = iig, ci = bi^^i U ... U bmo-i and C2 = 6mo. For every n G N 
with 71 > 1 let /„ ~ [r7i„_i + I, In] and J„ — [In, nrin ~ 1] and set 



It is easy to see that c G [b] and A{c) = {ii^ U 6m„)n C D. Hence, the sequence 
(/t)teA(c) is pointwise convergent to /. It follows that [b] n C2 and the proof 



We are ready to proceed to the proof of Theorem HOI 

Proof of Theorem\40[ Let b = (5„)„ be the block sequence obtained by Lemma l44l 
li (3 — {bno, ...,bn^) with uq < ... < nk is a, finite subsequence of b, then we let 
U/3 = bno U ... U bn^ G S. Recursively, we shall select a family (/3s)sg2<N such that 
the following are satisfied. 

(CI) For every s G 2<^, (3s is a finite subsequence of b. 

(C2) For every s, s' G 2^'*^ we have s IZ s' if and only if /3s C /3s'. 

(C3) For every s G 2<^ and every c G [/Js-o^b] we have Uf3s-i G A{c). 
The construction proceeds as follows. We set /3(0) = (0). For every M — {mo < 
TOi < ...} G [N], let bi/ = (&m„)n be the subsequence of b determined by M. 
Assume that for some s G 2<^ the finite sequence f3s has been defined. We select 
M = Ms G [N] such that f3s IZ b^/. The set A{hM) converges to the unique branch 
of S determined by the infinite chain C(bM). So, we may select a finite subsequence 
Ps-^i with Ps C Ps-i and such that U/J^-i G A{hM). The function A : [b] ^ if 
is continuous. Hence, there exists a finite subsequence /3s-o of b with Ps-o ^ 
and such that condition (C3) above is satisfied. Finally, notice that (3s"0 and (3s"i 
are incomparable with respect to the partial order IZ of extension. 



Now let 



Ai ^ {ii U b„^ : m > I + 1} C T,. 




is completed. 



□ 
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One can also provide a recursive formula defining a family {(3s)se2<^'' satisfying 
conditions (CI)-(C3) above. In particular, set /3(0) — (0), /3(o) = (&o,^i,^2) and 
= (^0:^2)- Assume that (3s has been defined for some s e 2<^. Let — 
max{n : 6„ G /?s}. If s ends with 0, then we set 

Ps"0 ^ PT{bn, + l,bn,+2,bn,+3) and (3s-l = P7{bn^ + l,bn,+3)■ 
If s ends with 1, then we set 

Ps"Q — /^r(^ns + li &ns+37 and /3^-i — (&„^ + i , 5„^+2 , ^713+4) ■ 

It is easy to see that, with the above choices, conditions (C1)-(C3) are satisfied. 
Having defined the family (/3s)se2<'« for every s £ we let 

ts = U/3s e E and = ft, ■ 

Clearly the family {hs}se2<'^' is a dyadic subtree of the Krawczyk tree {ft}te^ of 
/ with respect to {/„}„ and C. The basic properties of the family {ft-s}se2<N are 
summarized in the following claim. 

Claim 1 . The following hold. 

(1) For every cr G 2^ the sequence (/io-|n)n is pointwise convergent to a function 
ga <^C with g„ ^ f. 

(2) For every P C 2^ perfect the function f belongs to the closure of the family 
{9a:a& P}. 

Proof of the claim. (1) Let cr G 2^ and put bg- = [Jn Pu\n G [b]. It is easy to see 
that the sequence (tcr|n)n is a subsequence of the sequence C{hc). So the result 
follows by Lemma HH 

(2) Assume not. Then there exist P C 2^ perfect and a neighborhood of / in K.^ 
such that go- ^ V for all a G P. By part (1), for every <t G P there exists rio- G N 
such that hcr\n ^ V for all n > ric. For every n G N let P„ = {cr G P : rio- < n}. 
Then each P„ is a closed subset of P and clearly P = Un^"- Thus, there exist 
no G N and Q C 2^ perfect with Q C P„^. It follows that /ic,|„ ^ V for aU tr G Q 
and n > uq. Let r be the lexicographical minimum of Q. We may select a sequence 
((Tfc)fc in Q such that, setting Sk = t Aufc for all fc G N, we have that ak ^ t, t ^ 
and \sk\ > riQ. Notice that s^O C r while sj?l C (7^ and |s^l| > no. Hence, by our 
assumptions on the set Q and the definition of {/is}se2<''j we get that 

(1) h ^ = ft ^ iV for aU fc G N. 

We are ready to derive the contradiction. We set b,- = IJ^ /?7.|„ G [b] . As IZ hr, 
by property (C3) in the above construction, we see that i = U/3 G A{hr) for 

A; fc 

all fc G N. By Lemma HH the sequence {ft)tGA(h^) is pointwise convergent to the 
function /. It follows that the sequence {ft „ )k is also pointwise convergent to /, 
which clearly contradicts ([T]) above. The proof is completed. 
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We apply Theorem [21] to the family {/is}sg2<i''' and we get a regular dyadic subtree 
T — (st)(g2<N of 2^^ such that the family {/ist}te2<'*' is canonicalized. The main 
claim is the following. 

Claim 2. The family {/ist}te2<« equivalent to the canonical dense family of 
i(2N). 

Proof of the claim. In order to prove the claim we will isolate a property of the 
whole family {/is}sg2<'« (property (Q) below). Let S be an arbitrary regular dyadic 
subtree of 2^'^. Notice that G {^islsgg for every a G [5*]. By property (2) in 
Claim 1, we see that the function / belongs to the pointwise closure of {hs}s£S 
in M.-^ . By the Bourgain-Fremlin-Talagrand theorem there exists ACS such that 
the sequence {hs)s^A is pointwise convergent to /. By property (1) in Claim 1, we 
see that A can be chosen to be an antichain converging to some a G [S]. As all 
these facts hold for every regular dyadic subtree S of 2*~^ we arrive to the following 
property of the family {/is}se2<''- 

(Q) For every regular dyadic subtree S of 2^^^, there exist two antichains Ai, A2 
of S and cri,cr2 G [S] with ai ^ <T2 such that Ai converges to cri, A2 
converges to (T2 while both sequences {hs)seAi and (hs).seA2 are pointwise 
convergent to /. 

Now let T — (st)tg2<N be the regular dyadic subtree of 2^^** such that the family 
{hst}te2<" is canonicalized. Invoking property (Q) above and referring to the de- 
scription of the families {c?J : t G 2<^} {1 < i < 7), we see that {/ist}tg2<N must 
be equivalent either to the canonical dense family of ^(2<^) or the canonical dense 
family of ^(2^*). By property (1) in Claim 1, the first case is impossible. It follows 
that {/i-st}tg2<'* niust be equivalent to the canonical dense family of A(2^). The 
claim is proved. 

Let T = (st)tg2<« and {hsf }t<£2<*' be as above. Observe that for every t G 2<^ 
there exists a unique G N with h^^ = Thus, by passing to dyadic subtree of 
T if necessary and invoking the minimality of the canonical dense family of A(2^), 
we get that the function 2<^ 9 i 1-^ nt G N is a canonical injection and that the 
map 

i(2«) 5Vt^ fn, G IC 

is extended to homeoniorphism $ between A(2^) and {/nt}jg2<«- That this home- 
omorphism sends to / is an immediate consequence of property (Q) in Claim 2 
above. Moreover, by Claim 1(1), we see that ^{Sa) G C for every a G 2^. The proof 
is completed. □ 

By Theorem HUl and Proposition [MT 1 ) we get the following corollary. 
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Corollary 45. Let K, be a separable Rosenthal compact on a Polish space X , 
a countable dense subset of K, and f E IC. If f is a non-Gs point of IC, then there 
exists a canonical homeomorphic embedding of A{2^) into K, with respect to {/„}„ 
which sends to f . 

After a first draft of the present paper, S. Todorcevic informed us ( |To3| ) that 
he is aware of the above corollary with a proof based on his approach in [Tol] . 

We notice that if /C is a non-metrizable separable Rosenthal compact on a Polish 
space X, then the constant function is a non-Gs point of AC — /C. Indeed, since 
K, is non-metrizable, for every D <Z X countable there exist f,gElC with f g 
and such that f\]j = g\]j. This easily yields that is a non-G^ point of /C — /C. 
By Corollary l45l we see that there exists a homeomorphic embedding of A{2^'^) into 
K, — K, with as the unique non-G^ point of its image. This fact can be lifted to 
the class of analytic subspaces, as follows. 

Corollary 46. Let K, be a separable Rosenthal compact and C an analytic subspace 
of K, which is non-metrizable. Let also D ~ be a countable dense subset of 

K, witnessing the analyticity of C. Then there exists a family {ft\te2<^* L) — D, 
equivalent to the canonical dense family of A{2^), with Acci^ft ■ t e 2<^}) C C — C 
and such that the constant function is the unique non-Gs point of {ft\\f^2<'*- 

Proof. Let {gn}n be an enumeration of the set D ~ D, which is dense in /C — /C. It 
is easy to see that C — C is analytic subspace of /C — /C, witnessed by the sequence 
{gn}n- Moreover, by the fact that C is non-metrizable, we get that the constant 
function belongs to C — C and it is a non-Gs point of it. By Theorem 301 the 
result follows. □ 

8. Connections with Banach space Theory 

This section is devoted to applications, motivated by the results obtained in 
jADK2j ■ of the embedding of A (2^) in analytic subspaces of separable Rosenthal 
compacta containing as a non-G^ point. The first one concerns the existence of 
unconditional families. The second deals with spreading and level unconditional 
tree bases. 

8.1. Existence of unconditional families. We recall that a family {xi}i^i in a 
Banach space X is said to be 1-unconditional, if for every F C G ^ I and every 
(ai)igG £ we have 

II ^ ^ O-iXi ^ II ^ ^ OiXi 

We will need the following reformulation of Theorem 4 in [ADK2] . where we also 
refer the reader for a proof. 

Theorem 47. Let X be a Polish space and {fa- ■ cr e 2^*} be a bounded family 
of real-valued functions on X which is pointwise discrete and having the constant 
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function as the unique accumulation point in M.^ . Assume that the map $ : 
2^*^ X X ^ M defined by $(cr, x) — fa{x) is Borel. Then there exists a perfect subset 
P of 2^ such that the family {f„ : a G P} is 1 -unconditional in the supremum 
norm. 

In [ADK2| it is shown that if X is a separable Banach space not containing £i 
and with non-separable dual, then X** contains an 1-unconditional family of the 
size of the continuum. This result can be lifted to the frame of separable Rosenthal 
compacta, as follows. 

Theorem 48. Let K, be a separable Rosenthal compact on a Polish space X. Let 
also C be an analytic subspace of K, consisting of bounded functions. 

(a) // C contains the function Q as a non-Gs point, then there exists a fam- 
ily {frj ; cr G 2^^} in C which is 1-unconditional in the supremum norm, 
pointwise discrete and having as unique accumulation point. 

(b) If C is non-metrizable, then there exists a family {/o- — ga '■ cr ^ 2^}, where 
fa,ga G C for all a G 2^, which is 1-unconditional in the supremum norm. 

Proof, (a) Let D ~ {/n}n be a countable dense subset of K. witnessing the ana- 
lyticity of C. As is a non-Gs point of C, by Theorem [40l there exists a family 
{ft}te2<^^ C D, equivalent to the canonical dense family of A{2^), with Acc({/t : 
t G 2^'*'}) C C and such that the constant function is the unique non-Gs point of 
{/t}^g2<'«- I^or every u G 2^ let fa be the pointwise limit of the sequence {fa\n)n- 
Clearly the family {/^ : cr G 2^} is pointwise discrete, having as the unique accu- 
mulation point. Moreover, it is easy to see that the map $ : 2^ x X ^ R defined 
by $((T, a;) — fa{x) is Borel. By Theorem ITTl the result follows, 
(b) It follows by Corollary [46] and Theorem |47l □ 

Actually we can strengthen the properties of the family {fa : cr G 2^} obtained 
by part (a) of Theorem B51 as follows. 

Theorem 49. Let K, be a separable Rosenthal compact on a Polish space X and 
C be an analytic subspace of fC consisting of bounded functions. Assume that C 
contains the function as a non-Gs point. Then there exist a family {{gcr^Xcr) ■ 
cr G 2^} C C X X and e > satisfying \ga{xa)\ > e, gai^r) = if a ^ t and such 
that the family {g^ ■ cr G 2^} is 1-unconditional in the supremum norm and having 
as unique accumulating point. 

Proof. Let {/o- : cr G 2^*} C C be the family obtained by Theorem HSTa). We notice 
that, by the proof of Theorem |48l we also have that the map (f> : 2^ x X ^ K 
defined by $(cr, x) = fa{x) is Borel. Using this and by passing to a perfect subset 
of 2'*' if necessary, we may find e > such that ||/ct||oo > e for all cr G 2^. Define 
iV C 2^^ X X by 

{a,z)^N ^\fa{z)\>e. 
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As the map $ is Borel, we see that the set N is Borel. Moreover, by the choice 
of e, we have that for every ct G 2*^ the section — {z : {a, z) e N} of N at 
a is non-empty. By the Yankov-Von Neumann Uniformization theorem (see [Kej . 
Theorem 18.1), there exists a map 

2^3a^z„£X 

which is measurable with respect to the cr-algebra generated by the analytic sets 
and such that (cr, z^,) E N for every cr G 2^. Invoking the classical fact that analytic 
sets have the Baire property, by Theorem 8.38 in [Kej and by passing to a further 
perfect subset of 2^ if necessary, we may assume that the map a ^ Zc \s actually 
continuous. 

For every m e N define Am C 2^ x 2^ by 

(cr,T) eAm-^ l/r(2a)| > 

TO + 1 

Notice that the set Am is Borel. Since the family {f„ : a G 2^} accumulates to 0, 
we get that for every a G 2^ the section {Am)a ~ {t ■ {'^it) G Am} of Am at a is 
finite, hence meager in 2'*'. By the Kuratowski-Ulam theorem (see |Kej . Theorem 
8.41), we have that the set Am is meager in 2^* x 2'*'. Hence so is the set 

A = \^ Am- 

By a result of J. Mycielski (see |Kej . Theorem 19.1) there exists P C 2^ perfect 
such that for every tr, r G P with cr t we have that (cr, t) ^ A and (r, cr) ^ A. 
This implies that friza) — and faizr) — 0. We fix a homeomorphism h : 2^"^ ^ P 
and we set g^- — fh{a) and Xa = zi^^^^-f for every cr G 2^. Clearly the family 
{{gcr, Xc) : cr G 2^} is as desired. □ 

The proof of the corresponding result in |ADK2j is based on Ramsey and Banach 
space tools, avoiding the embedding of A(2^) into {Bx** ,w*). 

We recall that a Banach space X is said to be representable if X isomorphic to 
a subspace of ^oo(N) which is analytic in the weak* topology (see |GTj . [GLj and 
j AGRI ) . We close this subsection with the following. 

Theorem 50. Let X be a non-separable representable Banach space. Then X* 
contains an unconditional family of size \X*\. 

Proof. Identify X with its isomorphic copy in £oo (N) . Then Bx is an analytic subset 
of {B(^ ,w* ). Let / : Bx be an onto continuous map. Let {x„}„ be a norm 

dense subset of £i (N) . Viewing ii as a subspace of , we define /„ : N'* ^ R by 
/ri = f . Then {/„}„ is a uniformly bounded sequence of continuous real- valued 
functions on N'*. Notice that {/n}^j — {x* o / : G Bx*} which can be naturally 
identified with {a;*!^^ : x* G Bx*}- By the non-effective version of Debs' theorem 
(see [AGRj ) we have the following alternatives. 
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Case 1. There exist an increasing sequence {nk)k, a continuous map 0:2'*^ N**^ 
and real numbers a < b such that for every a G 2^ and every /c G N, if cr{k) ~ 
then /rifc(0(o')) < a, while if cr(A:) = 1, then /rn. ('/'(c)) > b. In this case, for every 
p G (3N we set 

9p=P- lip . 

k 

Then = x*\bx for some x* G X*. We claim that {x* : p G /3N} is equivalent 
to the natural basis of (i{2'^). To see this, observe that gp(^(f>{a-)'j < a if and only 
if {k : (j{k) = 0} G p and gp((/)((T)) > 5 if and only if {k : a{k) = 1} E p. 
Setting Ap = [gp < a] and Bp — [gp > b] for all p G f3N, we see that the family 
{Ap, Bp)p,zf}iq is an independent family of disjoint pairs. By Rosenthal's criterion, 
the family {ffp : _p G /3N} is equivalent to (i{2^). Thus, so is {x* : p G /3N}. 

Case 2. The sequence {fn}n is relatively compact in ;Bi(N^). In this case, as X is 
non-separable, G {fn}^ is a non-G^ point. Thus, by Theorem |48lja), there exists 
an 1-unconditional family in X* of the size of the continuum. □ 

It can be also shown that every representable Banach space has a separable 
quotient (see Theorem 15 in }ADK2| ). For further applications of the existence of 
unconditional families we refer the reader to [ADK2| . 

8.2. Spreading and level unconditional tree bases. We start with the follow- 
ing definition. 

Definition 51. Let X be a Banach space. 

(1) A tree basis is a bounded family {xt}t^2<''> which is Schauder basic 
when it is enumerated according to the canonical bijection (j)Q between 2^^ 
and N. 

(2) A tree basis {2^t}tg2<" ^•s said to be spreading if there exists J, such 
that for every n, m G N with n < m, every < d < 2" and every pair 
{sz}f=o C 2" and {t,}f^o C 2™ with s^ □ t, for all i G {0, we have 
that \\T\\ ■ IIT^-'II < 1 + e„ where T : spanjzs. : i — 0, spanjxi^ : 
i — Q, ...,c?} is the natural 1-1 and onto linear operator. 

(3) A tree basis {xt}t£2<" •s'^*'^ be level unconditional if there exists (£„)„ ]. 
such that for every n G N, the family {xt : t G 2"} is (l+En) -unconditional. 

In |ADK2| the existence of spreading and level unconditional tree bases was 
established for every separable Banach space X not containing £i and with non- 
separable dual. 

This result can be extended in the frame of separable Rosenthal compacta, as 
follows. 

Theorem 52. Let /C fee a uniformly bounded separable Rosenthal compact on a 
compact metrizable space X and having a countable dense subset D of continuous 
functions. Let also (£„)„ fee a decreasing sequence of positive reals with Sn 0. 
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Assume that the constant function is a non-Gs point of K,. Then there exists a 
family {ut}te2<N ^ conv(-D) equivalent to the canonical dense family of A{2^) such 
that, setting g„ — lim„ u^^^ for all cr G 2^^, the following are satisfied. 

(1) The function is the unique non-Gg point of {ut\^^2<^- 

(2) The family {ut\te2<^* a tree basis with respect to the supremum norm. 

(3) The family {ga '■ cr G 2'*'} is a subset of K. and 1 -unconditional. 

(4) For every n G N, if {to < ... -< t2"-i} is the ^-increasing enumeration of 
2", then for every {ctq, •■■,cr2"-i} C2f* with t, na^for alii G {0,...,2"-l} 
we have that {gai)'i=o^ ^ ^nj-^quivalent to {uti)1^Q^ . 

The proof of the above resuh is a shght modification of Theorem 17 in |ADK2| . 
where we also refer the reader for more information. 

We close this subsection with the following result whose proof is based on Ste- 
gall's construction [St] , 

Theorem 53. Let X be a Banach space such that X* is separable and X** is 
non-separable. Let also e > 0. Then there exists a family {itt}te2<'* '~= such 
that the following are satisfied. 

(i) The family {ut}t£2<^ ^s equivalent to the canonical dense family of . 

(ii) For every a G 2'*', if y** is the weak* limit of {ucr\n)n, then there ex- 
ists y*** G X*** with \\y***\\ < I + e and such that y***{y**) = 1 while 
y;**iy;*)^Ofor allr^a. 

(iii) For every n G N, if {t^ -< ... ~< t2"-i} is the ^-increasing enumeration of 
2", then for every {a^, cr2"-i} ^ 2^^ with ti □ ai for alii G {0, 2" — 1}, 
we have that {y%*)1^^^ is (1 + ■^)- equivalent to {uti)'^^Q^ ■ 

Proof. Since X* is separable, we have that (Bx*" ,w*) is compact metrizable. Fix 
a compatible metric p for [Bx" ,w*). Using Stegall's construction [St], we get the 
following. 

(CI) A family {xl}t(z2<« C X* , and 

(C2) a family {i?t}tg2<'' of open subsets of {Bx",w*) 
such that for all t G 2<^ the following are satisfied. 

(PI) l<\\xtl<l + e. _ 

(P2) Bt^o n Bt^i = 0, Bt^Q U C Bt and p - diam(B() < 

(P3) For aU x** G Bt, \x**{x;) - 1| < 

(P4) For aU t' ^ t with \t\ = \t'\ and for all a;** G Bf , < 

By property (P2), for every cr G 2^* we have that pl^^ -Bcrln = {x**}. Moreover, the 
map 2^ 9 cr 1-^ x** G {Bx'* ,w*) is a homeomorphic embedding. By Goldstine's 
theorem, for every t G 2^'*' we choose Xt G BtCiX. Notice that w* — lim„ x^^^ = 
for aU a G 2^*. For every cr G 2^ we choose x*** G fin {K\k ■ ^ ^ (P^) 
we see that x*J"*{x*„*) = 1 while, by (P4), a;***(a;**) = for aU t ^ a. Moreover, 
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we have that 

n 

sup{|Ai| : i = 0, < (1 + e) || ^ A^x^* 

i=0 

for every n G N, every {cto, ^n} C 2^* and every {Xi)2=o ^ K"^^- Arguing as 
in the proof of Theorem 17 in [ADK2j . we may construct a family {ut}tg2<'' ^ 
conv{a;t : t G 2<^} and a regular dyadic subtree S = (st)te2<N of 2<^ such that the 
following are satisfied. 

(1) For all cr £ 2^, the sequence {ucr\n)n is weak* convergent to y** , where 

y„ = lim Xs , • 

(2) For every n G N, if {to -< ... -< t2"-i} is the ^-increasing enumeration of 
2", then for every {ctq, ...,cr2"-i} Q 2^* with C cr, for aU i G {0, ...,2"-l} 
we have that {y'^*)^!^^ is (1 + i)-equivalent to (wtj^^o 

For aU a G 21^, let a = U„ Sa\n e 2"^. Setting y^** = x*** for aU a G 2^, we see 
that properties (ii) and (iii) in the statement of the theorem are satisfied. Finally, 
by passing to a regular dyadic subtree if necessary, we also have that the family 
{ut}t£2<^> is equivalent to the canonical dense family of 2^^, i.e. property (i) is 
satisfied. The proof is completed. □ 

Remark 4. (1) We do not know if the family {ut}fg2<M obtained in Thcorem[53lcan 
be chosen to be Schauder basic or an FDD. It seems also to be unknown whether 
for every Banach space X with X* separable and X** non-separable, there exists 
a subspace Y oi X with a Schauder basis such that Y** is non-separable. 
(2) The family {y** : a G 2^} obtained in Theorem [53] cannot be chosen to be 
unconditional, as the examples of non-separable HI spaces show (see [AAT] . [AT| ) . 
However, all these second dual, non-separable HI spaces have quotients with separa- 
ble kernel which contains unconditional families of the cardinality of the continuum. 
The following problem is motivated by the previous observation. 

Problem. Let X be a separable Banach space with X** non-separable. Does there 
exist a quotient Y of X** containing an unconditional family of size |X**|? 
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